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Abstract

We analyze the two-dimensional q-state Potts model, a paradigmatic model
in the study of the Statistical Mechanics of Critical Phenomena and Phase Tran-
sitions, which exhibits temperature-driven magnetic phase transitions of first or-
der (q > 4) and second order (q≤ 4), and which has demonstrated a remarkably
rich dynamical phenomenology. We work primarily with Monte Carlo numer-
ical simulations, for which we have implemented a variety of algorithmic tech-
niques, both traditional and novel, including an implementation designed to run
on graphics processing units (GPUs). Nevertheless, we also present analytical
results in those cases where such an approach has been feasible.

We study Short-Time Dynamics (STD) within the Mean-Field approximation
for the 2-state Potts model (the Curie–Weiss model) by solving exactly the Fokker–
Planck equation associated with Glauber dynamics. We obtain closed-form ex-
pressions for the first moments of the order parameter, both near the critical point
and near the spinodal points, starting from different initial conditions. We con-
firm the validity of the short-time dynamical scaling hypothesis in both cases.

We demonstrate that it is possible to define the spinodal point through the
short-time dynamical behavior of the system, and that our definition applies
equally to mean-field systems and to systems with short-range interactions. We
study the metastability associated with the first-order phase transition in the q-
state Potts model for q > 4. We show that the spinodal point is clearly separated
from the transition point for all q > 4, thereby delimiting a temperature interval
capable of sustaining metastable states. We provide numerical evidence for the
existence of such metastable states associated with the first-order phase transi-
tion, and analyze the relaxation mechanism from these states to equilibrium.

We conduct a systematic study of the nonequilibrium dynamics of the Potts
model on the square lattice following a quench from infinite temperature to sub-
critical temperatures. We analyze the long-time behavior of the energy and the
relaxation time over a wide range of quench temperatures and system sizes. For
q > 4 we identify the existence of distinct dynamical regimes depending on the
temperature range. We characterize these regimes and the corresponding states
of the system, and analyze in detail the finite-size scaling properties of the vari-
ous relaxation times involved, as well as their temperature dependence.

i



Keywords: Relaxational dynamics, Potts model, Numerical Simulations, GPU
computing (GPGPU), Metastable States, Spinodal points, Short-Time Dynamics,
Fokker–Planck equation, Phase transitions, Non-equilibrium Statistical Mechan-
ics.

PACS: 05.10.Gg, 05.10.Ln, 05.50.+q, 05.70.Fh, 75.10.Hk, 75.40.Cx, 75.60.Ch.

ii



Publications Associated with This The-
sis

The majority of the results presented in this thesis have been submitted for pub-
lication in international peer-reviewed journals.

The following works, listed in reverse chronological order, constitute the basis
of this thesis:

• [1] E. E. Ferrero, J. P. De Francesco, N. Wolovick and S. A. Cannas
“q-state Potts model metastability study using optimized GPU-based Monte Carlo
algorithms”, arXiv:1101.0876, submitted to Computer Physics Communications (2011).

• [2] C. Anteneodo, E. E. Ferrero, and S. A. Cannas
“Short-time dynamics of finite-size mean-field systems”
J. Stat. Mech. P07026 (2010).

• [3] E. S. Loscar, E. E. Ferrero, T. S. Grigera and S. A. Cannas
“Nonequilibrium characterization of spinodal points using short time dynamics”
J. Chem. Phys. 131, 024120 (2009).

• [4] E. E. Ferrero and S. A. Cannas
“Long-term ordering kinetics of the two-dimensional q-state Potts model”
Phys. Rev. E 76, 031108 (2007).

• [5] M. I. de Berganza, E. E. Ferrero, S. A. Cannas, V. Loreto and A. Petri
“Phase separation of the Potts model in the square lattice”
Eur. Phys. J. Special Topics 143, 273 (2007).

iii



iv



Contents

Abstract ii

Publications Associated with This Thesis iii

Table of Contents viii

1 Introduction 1

I Theoretical Framework 7

2 First-Order Phase Transitions 9
2.1 General characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1.1 Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.2 Order parameter . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.1.3 Phenomenology . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Analytical approximations . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.1 Landau theory . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Metastable states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.1 Metastability from the perspective of equilibrium statistical

mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.2 Metastability from the perspective of non-equilibrium dy-

namics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 The extended free energy F3 . . . . . . . . . . . . . . . . . . . . . . . 20
2.5 Spinodal points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

v



CONTENTS

2.5.1 Spinodal points in systems with long-range interactions . . 23

3 The q-State Potts Model 27
3.1 The Potts model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.1.1 Our notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4 Dynamical Relaxation Processes 35
4.1 Domain growth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.1.1 Scaling hypothesis . . . . . . . . . . . . . . . . . . . . . . . . 37
4.1.2 Coarsening . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.1.3 Activated processes and logarithmic growth . . . . . . . . . 40
4.1.4 Nucleation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.1.5 Two dynamical scenarios — or more? . . . . . . . . . . . . . 42

4.2 Frustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2.1 Geometric frustration . . . . . . . . . . . . . . . . . . . . . . 43
4.2.2 Dynamical frustration . . . . . . . . . . . . . . . . . . . . . . 44

5 Short-Time Dynamics in Critical Systems 45
5.1 Short-Time Dynamics (STD) . . . . . . . . . . . . . . . . . . . . . . . 47

5.1.1 Power-law behavior in STD . . . . . . . . . . . . . . . . . . . 48
5.2 STD as a technique for locating critical points . . . . . . . . . . . . . 50

II Results 53

6 Short-Time Dynamics in Mean-Field Models 55
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
6.2 Formal solution of the FPE and moment expansion . . . . . . . . . 57
6.3 Paradigmatic mean-field model: Curie–Weiss . . . . . . . . . . . . . 58
6.4 STD near the critical point . . . . . . . . . . . . . . . . . . . . . . . . 59

6.4.1 Ornstein–Uhlenbeck approximation . . . . . . . . . . . . . . 60
6.4.2 Quartic drift potential approximation . . . . . . . . . . . . . 62
6.4.3 Other initial conditions . . . . . . . . . . . . . . . . . . . . . 63

6.5 STD near the spinodal . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.6 Chapter conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

7 Metastability in the Two-Dimensional q-State Potts Model 71
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
7.2 Using STD at spinodal points . . . . . . . . . . . . . . . . . . . . . . 74

vi



CONTENTS

7.2.1 STD at spinodal points of systems with long-range interac-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

7.2.2 Spinodal points in the short-range Potts model . . . . . . . . 78
7.3 Metastability in the Potts model . . . . . . . . . . . . . . . . . . . . . 85

7.3.1 Hysteresis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
7.3.2 The Binder criterion and the two possible scenarios . . . . . 86
7.3.3 Response to Binder’s question about metastability . . . . . . 87

7.4 Relaxation from the metastable state: nucleation . . . . . . . . . . . 89
7.5 Chapter conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

8 Relaxation in the Two-Dimensional q-State Potts Model 93
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
8.2 Relaxation in the Potts model . . . . . . . . . . . . . . . . . . . . . . 96

8.2.1 Relaxation at intermediate temperatures and blocked states:
characterization and scaling . . . . . . . . . . . . . . . . . . . 97

8.2.2 Probability of blocked states . . . . . . . . . . . . . . . . . . . 104
8.2.3 Relaxation at low temperatures: glassy state . . . . . . . . . 107
8.2.4 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . 110

8.3 Chapter conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

III Conclusions 113

9 Conclusions 115

IV Appendices 119

A Supplementary Calculations for STD in Mean-Field Systems 121
A.1 Quartic potential approximation near the critical point . . . . . . . 122
A.2 Moment calculations near the spinodal . . . . . . . . . . . . . . . . . 123

B The Continuous-Time Monte Carlo Method 127
B.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
B.2 The n-fold way technique . . . . . . . . . . . . . . . . . . . . . . . . 128
B.3 CTMC implementation for the q-state Potts model . . . . . . . . . . 130

B.3.1 Justification of the time increment . . . . . . . . . . . . . . . 131
B.4 Validation and performance . . . . . . . . . . . . . . . . . . . . . . . 131

vii



CONTENTS

C GPU Implementation of the q-State Potts Model 135
C.1 What is GPGPU? What is CUDA? . . . . . . . . . . . . . . . . . . . . 136
C.2 Device architecture and GPGPU programming overview . . . . . . 137
C.3 Optimized GPU-based Monte Carlo algorithm for the q-state Potts

model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
C.3.1 Random Number Generator . . . . . . . . . . . . . . . . . . . 139
C.3.2 Spin update . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
C.3.3 Computation of energy, magnetization, and associated mo-

ments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
C.4 Algorithm validation . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
C.5 Algorithm performance . . . . . . . . . . . . . . . . . . . . . . . . . 144
C.6 Appendix summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

References 147

Acknowledgements and Dedication 161

Acknowledgements 161

Dedication 163

viii



CHAPTER 1

INTRODUCTION
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The study of Non-Equilibrium Statistical Mechanics remains, to this day, one
of the great challenges in the broad field of Condensed Matter Physics. We gen-
erally understand the equilibrium states of different systems, their characteristics
and properties, but in many cases we know surprisingly little about how these
same systems respond when placed out of equilibrium — which is, in fact, the
predominant situation found in nature.

In this thesis we propose a study of relaxation toward equilibrium in systems
exhibiting first-order phase transitions, along with related phenomena such as
metastability and spinodal points.

Our analysis is grounded in the study of the two-dimensional ferromagnetic
q-state Potts model, which has served for decades as a paradigmatic model in the
study of the Statistical Mechanics of Critical Phenomena and Phase Transitions. It
is of particular theoretical interest because, by varying the number of accessible
states q for the spin variable, the model displays temperature-driven magnetic
phase transitions of both first order (q > 4) and second order (q≤ 4) at zero field.
Despite being a simple ferromagnetic model (with nearest-neighbor ferromag-
netic interactions), the Potts model has proven to exhibit a remarkably rich dy-
namical phenomenology, due in large part to the degeneracy of its ground state.
Thanks to this simplicity in its equilibrium properties, the Potts model allows
us to characterize purely dynamical processes arising from collective phenom-
ena, while at the same time contrasting them with phenomena (perhaps more
extensively studied in the literature) that are dominated by defects, vacancies, or
competitive interactions explicitly built into the model.

The results presented in this thesis are based primarily on Monte Carlo nu-
merical simulations, for which we implemented various algorithmic techniques,
both traditional and novel. In addition, we present analytical results in those
cases where such an approach was feasible — in particular, we obtain analytical
results for the dynamics of the Potts model with q=2 in the Mean-Field approxi-
mation (the Curie–Weiss model).

The contents of this thesis are the product of five years of work, carried out
in collaboration with Dr. Sergio A. Cannas (advisor) and, to a significant extent,
with colleagues at our institution and other institutions (whom we acknowledge
at the appropriate points). The majority of these results have been submitted for
publication in international journals.
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CHAPTER 1. INTRODUCTION

Structure of the thesis

Part I presents the Theoretical Framework in which the results of this thesis are
situated. It is organized as follows:

In Chapter 2 we introduce the topic of Phase Transitions, reviewing their
well-known general properties while attempting to view them from our own per-
spective. Notably, the introduction of the concept of metastable states is perhaps
somewhat non-standard, and we believe that a degree of originality is present
in the discussion of spinodal points associated with first-order phase transitions —
approached here via an extended free energy, distinguishing finite-range systems
from the classic double-well picture of Mean-Field theories.

Chapter 3 is dedicated to briefly presenting the q-state Potts model, introduc-
ing our notation, and highlighting the fields of application of the model.

In Chapter 4 we provide a general overview of the known dynamical relax-
ation processes. We describe the characteristic features of the mechanisms that
govern the relaxation of a system toward equilibrium when it is initially placed
out of equilibrium, and characterize these mechanisms according to the nature of
the system and the range of values of the externally imposed parameters. While
this chapter also serves as a review of topics familiar in Statistical Mechanics, we
approach it from our own perspective — in particular, we introduce in our own
terms the concept of dynamical frustration, distinguishing it from geometrical frus-
tration and from that generated by explicit disorder in the model.

In Chapter 5, being fundamental ingredients of the development of this the-
sis, we review the concepts of Short-Time Dynamics (STD), its scaling laws, and
its use as a technique for identifying and characterizing critical points.

Part II presents the original results of this thesis:

In Chapter 6 we study Short-Time Dynamics for a mean-field model with a
non-conserved order parameter (Curie–Weiss model with Glauber dynamics) by
solving exactly the associated Fokker–Planck equation. We obtain closed-form
expressions for the first moments of the order parameter, both near the critical
point and near the spinodal points, starting from different initial conditions. This
allows us to confirm the validity of the Short-Time Dynamics scaling hypothe-
sis in both cases. Although the procedure is shown for a particular mean-field
model, our results extend straightforwardly to generic models with a single or-

3



der parameter.
In Chapter 7 we study the metastability associated with the first-order phase

transition in the q-state Potts model for q > 4. First-order phase transitions are
generally accompanied by hysteresis and metastability, and the Potts model is no
exception. The metastable phase can only be observed in a region close to the
transition, bounded by what we call the spinodal. However, the concept of the
spinodal is rigorously defined only in systems with infinite-range interactions
(mean field). In this chapter we show that it is possible to define the spinodal
point through the behavior of Short-Time Dynamics, and that this definition ap-
plies equally to mean-field systems — where the resulting spinodal agrees with
the traditionally defined spinodal point — and to systems with short-range inter-
actions. Moreover, the very existence, in the thermodynamic limit, of metastable
states associated with the phase transition in the two-dimensional q-state Potts
model has been a long-standing controversy. On this point, we show that the
spinodal is separated from the transition point for all q>4, delimiting a temper-
ature interval capable of sustaining metastable states that remains finite even in
the thermodynamic limit. We are also able to address the controversy directly
by means of a criterion proposed ad hoc for this problem, which would not have
been possible without a Monte Carlo algorithm that runs in parallel on GPU ac-
celerators. As a result, we provide numerical evidence in favor of the existence
of metastable states associated with the first-order phase transition, and analyze
the relaxation mechanism from these states to equilibrium.

In Chapter 8 we carry out a systematic study of the nonequilibrium dynamics
of the q-state Potts model on the square lattice following a quench from infinite
temperature to subcritical temperatures. Using a Continuous-Time Monte Carlo
algorithm, we analyze the long-time behavior of the energy and relaxation time
over a wide range of quench temperatures and system sizes. For q>4 we identify
the existence of distinct dynamical regimes depending on the temperature range.
At low (but finite) temperatures and very long times, Lifshitz–Allen–Cahn-type
domain growth is interrupted with finite probability and the system becomes
trapped in highly symmetric metastable states that induce thermal activation in
domain growth. Furthermore, at very low temperatures the system always be-
comes trapped at early times in highly disordered metastable states with a finite
lifetime, which have been identified as glassy states. We analyze in detail the
finite-size scaling properties of the various relaxation times involved and their
temperature dependence.

Part III summarizes the main conclusions of this thesis and discusses the im-
plications and possible extensions of the work presented here.

Three appendices complement this manuscript, collected in Part IV. Appendix A
contains supplementary calculations to the development of Chapter 6. The Continuous-

4



CHAPTER 1. INTRODUCTION

Time Monte Carlo algorithm used to obtain the majority of the results in Chap-
ter 8 is described in Appendix B. Finally, in Appendix C we present our imple-
mentation of the q-state Potts model for simulation on GPU accelerators, used in
part of Chapter 7.

It is our hope that this thesis contributes to the theoretical understanding of
the dynamical mechanisms associated, in general, with systems undergoing first-
order phase transitions. To this end, we have endeavored to highlight those re-
sults which we believe are of broad generality in Statistical Mechanics, and which
extend beyond the particular models employed here.
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CHAPTER 2

FIRST-ORDER
PHASE TRANSITIONS
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2.1. GENERAL CHARACTERISTICS

The matter surrounding us exists in an incredibly diverse range of natural
states. From ancient times, long before the advent of science, people classi-
fied materials according to their properties — distinguishing gases, liquids, and
solids, and their different behaviors. More recently, scientists have distinguished
ordinary liquids from superfluids, conductors from semiconductors and insula-
tors, gases from plasmas, and so on; they have studied an enormous variety of
magnetic materials, liquid crystals, ferroelectrics, and many other states of mat-
ter.

The branch of physics concerned with the properties and phenomenologi-
cal behavior of matter at this observable, macroscopic level is Condensed Matter
Physics. This discipline builds conceptual bridges, methods, and mathematical
formalisms connecting the fundamental laws governing the behavior of micro-
scopic matter — such as atoms, ions, and electrons — to the macroscopic proper-
ties of systems (whether a substance is solid or liquid, whether it conducts elec-
tricity, and so forth).

Broadly speaking, the forces and fields that act on microscopic matter give
rise to a wide variety of modes of aggregation and organization of particles. Dis-
tinct states of aggregation of matter, which differ qualitatively or functionally in
their macroscopic properties, are called thermodynamic phases, or simply phases.
These phases are determined by thermodynamic conditions in the surrounding
environment, such as temperature, pressure, magnetic fields, electric fields, and
so on.

In particular, the area of theoretical physics devoted to the study of the phases
of matter and the transitions between them is Statistical Mechanics.

A phase transition is defined as an abrupt change in the internal structure and
properties of a system caused by variations in its environment. Paradigmatic
examples include the gas-to-liquid transition, the liquid-to-solid transition, the
normal-to-superconducting transition, and the paramagnetic-to-ferromagnetic tran-
sition. Although these are, in general, very familiar phenomena, some of their
fundamental physical aspects are still not fully understood, so the study of phase
transitions remains of great theoretical and technological interest.

2.1 General characteristics of phase transitions

2.1.1 Classification

Historically, phase transitions were classified as first-order transitions, second-order
transitions, and higher-order transitions according to the proposal of Ehrenfest [6].
This classification names a phase transition according to the lowest-order deriva-
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CHAPTER 2. FIRST-ORDER PHASE TRANSITIONS

tive of the thermodynamic potential (e.g., the Helmholtz free energy) that is dis-
continuous at the transition. If the discontinuity occurs in a first derivative of
the thermodynamic potential, the transition is called first-order; if it occurs in a
second derivative, second-order; and if discontinuities appear only at the n-th
derivative with n > 2, it is called a higher-order transition.

We now know that the Ehrenfest classification is inadequate, since in most
transitions that we call “second-order,” one or more second derivatives of the
potential — rather than exhibiting a discontinuity — concretely diverge at the
transition. These transitions are more correctly called continuous phase transitions.
Correspondingly, first-order phase transitions are also known as discontinuous
phase transitions. The Ehrenfest classification has nonetheless been so widely used
historically that both terminologies continue to coexist.

For illustration: the various solid/liquid/gas transitions are first-order (dis-
continuous), because they involve a discontinuous change in density, which is
the first derivative of the free energy with respect to the chemical potential. The
ferromagnetic transition in metals such as iron — where the magnetization (first
derivative of the free energy with respect to the applied magnetic field) grows
continuously from zero as the temperature is lowered — is a second-order (con-
tinuous) transition, with the magnetic susceptibility (second derivative of the free
energy with respect to the field) diverging at the critical temperature.

2.1.2 Order parameter

To describe phase transitions in a general way, one commonly refers to an order
parameter. Although this term was coined in Landau theory (see e.g. [7]) and is
inspired by magnetic systems, we can define it broadly as a quantity that vanishes
in one of the phases involved in the transition and is nonzero in the other.

In the paramagnet-to-ferromagnet transition a suitable order parameter is
the net magnetization (zero in the high-temperature phase, nonzero in the low-
temperature phase), while for the liquid-gas transition the order parameter is
the difference in density between the liquid and the gas along the coexistence
curve. In these examples the order parameters, as noted, are first derivatives of
the corresponding thermodynamic potential with respect to the thermodynamic
variable governing the transition, and they are scalar quantities.

Other types of phase transitions require more elaborate order parameters of
various mathematical natures; for instance, structural transitions in liquid crys-
tals are described by a tensorial order parameter [7].

11



2.1. GENERAL CHARACTERISTICS

FIGURE 2.1: Schematic of the order parameterm (left) and susceptibility χ (right) as func-
tions of temperature for a second-order transition (top row) and a first-order transition
(bottom row).

2.1.3 Phenomenology

The principal characteristics of first- and second-order phase transitions are illus-
trated schematically in Fig. 2.1. In a second-order transition, the order parameter
m changes continuously from 0 to 1 as the temperature is lowered from high val-
ues toward T = 0. However, its derivative with respect to the magnetic field B
evaluated at B = 0, the susceptibility χ(T ), diverges at the critical temperature
T = Tc. In a first-order transition, by contrast,m undergoes a discontinuous jump
at the transition temperature T = Tt, and the one-sided susceptibilities χ±(T ) re-
main finite. The same holds for the derivative of the entropy with respect to
temperature (i.e., the specific heat CB): it diverges at a second-order transition
and remains finite on both sides of a first-order transition.

This phenomenology gives rise to the distinctive aspects of each type of tran-
sition: critical phenomena in continuous transitions, and phase coexistence and
metastability in discontinuous ones.

12



CHAPTER 2. FIRST-ORDER PHASE TRANSITIONS

Continuous transitions

Second-order phase transitions are characterized by the divergence of second
derivatives of the thermodynamic potential. Quantities such as the magnetic sus-
ceptibility and specific heat diverge at the transition point — the critical point —
as power laws with nontrivial exponents, the critical exponents. For example, in
the second-order transition of Fig. 2.1:

χ(T ) ∝ |1− T/Tc|−γ , CB ∝ |1− T/Tc|−α, (2.1)

where α and γ are the critical exponents associated with the specific heat and sus-
ceptibility, respectively. The critical exponents for different divergent quantities
are related by scaling relations, and vastly different systems can share identical
sets of critical exponents — a property called universality. The universality class
of a system depends only on very general properties such as spatial dimensional-
ity and the symmetry of the order parameter, and not on the microscopic details
of the interactions. This remarkable universality stems from the divergence of
the correlation length near the critical point, which renders the microscopic scale
irrelevant.

Discontinuous transitions

First-order transitions involve a discontinuity in a first derivative of the thermo-
dynamic potential. During the transition the temperature of the system remains
constant while a fixed amount of energy is absorbed or released as heat — the la-
tent heat. Associated with first-order transitions, one finds mixed-phase regimes
in which distinct phases coexist, with neither dominating. A classic example is
the coexistence of liquid water and ice at 0◦C and atmospheric pressure. More-
over, as we shall discuss in detail, first-order phase transitions admit the possibil-
ity of metastable phases — phases that persist in the “thermodynamic territory”
of the other — in a window of the control parameter around the transition, ac-
companied by hysteresis. Unlike continuous transitions, first-order transitions
generally do not exhibit diverging correlation lengths, and universality of ther-
modynamic functions near the transition cannot be expected a priori. Neverthe-
less, approaches rooted in critical phenomena — such as the Renormalization
Group — have contributed significantly to the understanding of first-order tran-
sitions. It is worth emphasizing that, although second-order transitions and their
associated critical phenomena have generated enormous theoretical, numerical,
and experimental activity over the past 40 years, the great majority of phase tran-
sitions occurring in nature are first-order.

13



2.2. ANALYTICAL APPROXIMATIONS

2.2 Analytical approximations

Bridging the laws governing microscopic behavior and macroscopic phenom-
ena such as phase transitions requires approximations. Even when all effective
atomic interactions are known, it is generally not possible to predict theoretically
under what thermodynamic conditions a phase transition will occur, since the
problem involves the simultaneous interaction of an enormous number (∼ 1023)
of individual components.

2.2.1 Landau theory

Motivated by the structural similarities in the asymptotic expansions near the
critical point in earlier mean-field theories [8, 9] (such as the van der Waals and
Curie–Weiss approaches), Lev Landau proposed that the same type of reasoning
could be applied to all phase transitions. The resulting framework is known as
the Landau phenomenological theory. It postulates that, once the order param-
eter has been identified, any phase transition can be described through a varia-
tional principle associated with a functional F({Ki}, φ) — the Landau functional
— that depends on the order parameter φ and the system parameters {Ki}. The
equilibrium state is determined by the absolute minimum of this functional with
respect to φ.

Landau proposed that the form of F can be deduced phenomenologically
from two premises: (i) the functional must be consistent with the symmetries
of the system’s Hamiltonian, and (ii) near the transition it must be an analytic
function of φ, admitting a power-series expansion for small φ:

F({K}, φ) =
∞∑
n=0

an ({K}, T )φn (2.2)

Second-order transitions

For the Ising case, using results from mean-field theory [8], it suffices to keep
terms up to order O(4) in (2.2). The most general form at zero field (where the Z2

symmetry of the Ising Hamiltonian requires all odd-order coefficients to vanish)
is:

F({K}, φ) = a0({K}, T ) + a2({K}, T )φ2 + a4({K}, T )φ4 . (2.3)

The coefficient a4 is a smooth positive function of T , and can be taken as
constant near Tc. Since the coefficients must be analytic near the transition, we
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FIGURE 2.2: The Landau free energyF for various values of T at h = 0. Red dots indicate
the values of φ at which F reaches its global minimum. The continuous phase transition
occurs as T varies from above to below Tc.

can expand a2 in a Taylor series around T − Tc:

a2 = a02 + a12
T − Tc
Tc

+O((T − Tc)2) . (2.4)

MinimizingF with respect to φ gives solutions φ = 0 and φ = ±
√
−a2(T )/2a4.

For a2(T ) > 0, F has a unique minimum at φ = 0 (disordered phase); for
a2(T ) < 0, two symmetric minima appear at ±φ0 (see Fig. 2.2). Since at T ≥ Tc
the equilibrium value of φ must be zero, we require a02 = 0 and a12 > 0.

There is therefore a continuous phase transition from a disordered state (φ =
0) to an ordered state (|φ| > 0) as T crosses Tc. Including an external field h 6= 0,
the Landau functional for second-order transitions near the critical region takes
the standard form:

F =
1

2
aτφ2 + bφ4 − hφ (2.5)

where τ ≡ (T − Tc)/Tc is the reduced temperature and a, b > 0 are phenomeno-
logical coefficients. From this one recovers the usual mean-field asymptotic be-
havior and critical exponents.

First-order transitions

The cubic term in the Taylor expansion (2.2) was discarded above on the basis
of Ising-type symmetry. If this symmetry is absent, odd powers of φ must be
included. In particular, a cubic term can give rise to a first-order transition1.

1This is the case for the Potts model with q ≥ 3, which in the mean-field approximation corre-
sponds to a first-order transition.

15



2.2. ANALYTICAL APPROXIMATIONS

FIGURE 2.3: The Landau free energy F as a function of φ for various temperatures, illus-
trating a first-order phase transition.

Consider generically a Landau expansion of the form:

F(φ) =
1

2
aτφ2 − 1

3
cφ3 +

1

4
bφ4 + . . . (2.6)

where a, b, c > 0 and τ = (T − T ′c)/T
′
c (T ′c being the temperature at which the

second-order transition would occur in the absence of the cubic term). The ex-
tremality condition gives:

∂F
∂φ

= φ
(
aτ − cφ+ bφ2

)
= 0 (2.7)

with solutions φ = 0 or φ± = c
2b ±

√(
c
2b

)2 − aτ
b .

A second real positive solution exists when τ < τ∗ = c2/(4ab).
Since τ∗ > 0, this occurs at a temperature T > T ′c, i.e., before the second-order

transition would occur. The evolution of F as T varies is shown schematically
in Fig. 2.3. For τ > τ∗ there is a unique minimum at φ = 0 (disordered phase).
When τ = τ∗ a second (local) minimum appears at φ+(τ) > 0, which becomes
more pronounced as the temperature decreases. At τ = τt this minimum reaches
the same free energy as the φ = 0 solution, and a discontinuous transition occurs
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from a disordered phase (φ = 0) to an ordered phase (φ > 0), since for τ < τt the
global minimum lies at φ+(τ).

The local minima in Fig. 2.3 represent metastable states associated with the
first-order phase transition in Landau theory. Although from the thermodynamic
point of view these local minima do not contribute to the partition function and
disappear when we construct the thermodynamic potential from the minimum of
the Landau functional (see Eq. (2.14)), they are relevant from a dynamical point
of view: in the absence of order-parameter fluctuations (as in the Landau and
all mean-field approximations), a system prepared in a state with φ+(τ) > 0,
for τt < τ < τ∗, will remain in that local minimum without undergoing any
transition.

We now discuss metastable states and their limits of existence — the spinodal
points — in greater depth.

2.3 Metastable states near a first-order phase transition

First-order phase transitions are accompanied by hysteresis and metastability.
Consider a system undergoing a first-order transition driven by a control vari-
able ϕ (which could be the magnetic field H for the field-driven Ising transition
at T < Tc, or the temperature T for the temperature-driven Potts transition with
q > 4). Although the thermodynamic transition occurs at ϕ = ϕt, when ϕ is var-
ied slowly from an “initial” value ϕi > ϕt to a “final” value ϕf < ϕt, the system
may remain in the phase corresponding to thermodynamic equilibrium at ϕ > ϕt
(and vice versa when ϕ is varied in the opposite direction). A phase that survives
having been taken outside its thermodynamic “territory” is said to be metastable.

Metastable phases have a finite lifetime, but this lifetime can be very long.
Well-known examples are diamond at ambient temperature and pressure, and
supercooled glass-forming liquids (which can be so long-lived that they are prac-
tically indistinguishable from equilibrium phases for almost all purposes). In
general, however, a metastable phase cannot persist for all ϕ and is not observed
below some value ϕsp — the spinodal point.

There are essentially two main ways of approaching the study of metastable
states, which we now describe.
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2.3. METASTABLE STATES

FIGURE 2.4: Schematic of the metastable branches of the equation of state m(h) around
a first-order transition driven by the magnetic field h at a temperature below the critical
temperature of the second-order transition. h±sp are the corresponding limits of metasta-
bility.

2.3.1 Metastability from the perspective of equilibrium statistical me-
chanics

In mean-field theories, metastable states and the spinodal points at which they
cease to exist are well defined. The best-known example is the famous van der
Waals loop for the gas–liquid transition (see e.g. [8]). As we saw, in the frame-
work of Landau theory these states appear as stable solutions of the order pa-
rameter, corresponding to a local minimum of the Landau functional.

In Fig. 2.4 we see the magnetic analogue of the van der Waals loop. Here m is
the order parameter (magnetization) and the control parameter is the magnetic
field h, at fixed T < Tc. The thermodynamic transition occurs at h = 0, but it is
possible to obtain a metastable state with m > 0 (m < 0) for h . 0 (h & 0).

Unfortunately, while the description of metastability seems so straightfor-
ward in mean-field theories, this is not the case within more rigorous frame-
works. Statistical mechanics is built to yield equilibrium states.

Consider the partition function for a system of volume V and N components
at temperature T :

Z(N,V, T ) = exp(−βF ) =
∑
i

exp(−βEi) (2.8)

where F is the Helmholtz free energy and the sum is over all possible configura-
tions of the system. In the thermodynamic limit, metastable states contribute neg-
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ligibly to this sum [10]. To study them within this framework one must restrict
the sum to “reasonably uniform” configurations — for example, by excluding
configurations containing droplets of the competing phase larger than a critical
nucleus. Several approaches have been suggested in this direction [11].

2.3.2 Metastability from the perspective of non-equilibrium dynam-
ics.

A fundamentally different approach to metastability arises from the observation
that what one measures experimentally are time averages, which coincide with
ensemble averages only in equilibrium. A metastable state is a non-equilibrium
situation, yet it is observable; it is therefore natural to define it through non-
equilibrium, dynamical properties — specifically, through the relaxation dynam-
ics of the system [12]. This is the approach we adopt throughout this thesis.

To fix ideas, consider the Ising model and associate a stochastic dynamics
with it. We assume a Markovian Master Equation for the probabilityP (s1, . . . , sN , t)
of a spin configuration {s1, . . . , sN} occurring at time t [13, 14]:

d

dt
P (s1, . . . , sN , t) = −

N∑
i=1

w(si → −si)P (s1, . . . , si, . . . , sN , t) +

+

N∑
i=1

w(−si → si)P (s1, . . . ,−si, . . . , sN , t) (2.9)

with transition probability w(si → −si) (Glauber dynamics):

w(si → −si) = (2τs)
−1 [1− tanh(δE/2kBT )] (2.10)

where τs sets the time unit and δE is the energy change produced by flipping the
spin.

We consider relaxation after a sudden change in field h, starting from an or-
dered state of up spins, from hi > 0 to hf = hi + ∆h < 0. We define a “non-
equilibrium relaxation function”:

φm(t) =
〈m(t)〉 − 〈m(∞)〉
〈m(0)〉 − 〈m(∞)〉 (2.11)

In φm(t), metastability manifests itself through a two-stage relaxation: after a
short time of order teq (the equilibrium relaxation time), the system settles near
mms (the metastable order parameter value); then on a much longer timescale
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(A) (B)

FIGURE 2.5: (A) Non-equilibrium relaxation function φ(ts) plotted versus the rescaled
time ts, obtained from a time-dependent Ginzburg–Landau equation, for several values
of the rescaled magnetic field Hs ≡ h/kBT . (B) Non-equilibrium relaxation function φ(t)
vs. time (in Monte Carlo steps) at J/kBT = 0.45, after a sudden change from Hi = 0 to
Hf = H , for several values of µBH/kBT . Both figures taken from [15].

tms — the metastable lifetime — it decays to equilibrium. This two-stage behav-
ior produces a well-defined plateau in φm(t), as illustrated in Fig. 2.5. The con-
dition for metastability is simply that these two timescales be clearly separated:
Binder [12] places this at tms ≥ 102 teq; in general the condition is tms � teq.

This dynamical definition of metastability allows us to speak of metastable
states whenever the system rests for a measurable time in a quasi-stationary state
with its own distinct properties — even far from the transition, as we shall see in
Chapter 8.

2.4 The extended free energy F3

As a basis for the subsequent discussion of spinodal points, we introduce in this
section the three-parameter extended free energy F3. For simplicity we focus on
the magnetic case.

For a magnetic system we have the free energy F (T, h) ≡ −kBT lnZ, from
which the equation of state M = −(∂F/∂h)T follows.

The formal equilibrium approach excludes metastable states. However, to de-
fine the spinodal point precisely as the point at which metastable states become
unstable, we need to include them in our scheme. To this end we consider an
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extended or generalized three-variable free energy F3(T, h,M), defined by:

e−βF3(T,h,M) =
∑
{si}

δ

((∑
i

si

)
, M

)
e−β(H0−h

∑
i si) (2.12)

where δ(·, ·) is the Kronecker delta and H = H0 − h
∑

i si is the system Hamilto-
nian. The probability P that the system is in a state with magnetization per spin
m = M/N is:

P (T, h,m) =
e−βNf3(T,h,m)

Z
(2.13)

where f3(T, h,m) = F3(T, h,M)/N is the extended free energy per spin.
One can show that the sum defining Z is dominated in the thermodynamic

limit by the M that minimizes F3, so in equilibrium:

F (h, T ) = min
M

F3(T, h,M). (2.14)

The extended free energyF3 is applicable in both equilibrium and non-equilibrium
situations. According to Eq. (2.13), the most probable value of m is the one that
minimizes f3, so this extended free energy acts as an effective potential governing
the dynamics of the order parameter. Its local minima correspond to metastable
states.

For infinite-range (mean-field) systems, f3 is an analytic function of m with
the double-well structure of the Landau functional, and it can be shown that
f3 acts as an exact potential for Glauber or Metropolis dynamics [16]. In this
case, a finite barrier in f3 implies an infinite barrier in F3 = Nf3 as N → ∞, so
metastable states have infinite lifetime in the thermodynamic limit. For finite-
range interactions the situation is far more subtle, and the possibility of describ-
ing metastable states through f3 is not immediately clear — a point we return to
in the following section.

2.5 Spinodal points

At the mean-field level, spinodal points are well defined.
In mean-field, and in the limit N → ∞, f3 has two minima as a function of

m for T below some critical temperature Tc and h within a certain range −hsp <
h < hsp [9, 11]. As a function of h, the first-order transition occurs at h = ht =
0. When h = 0, the two minima are symmetric. When h 6= 0, the absolute
minimum corresponds to the thermodynamic equilibrium (stable) phase, while
the secondary local minimum defines the metastable phase (higher free energy
but dynamically stable).
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FIGURE 2.6: Schematic of the double-well potential of f3 near a field-driven first-order
transition. When h < hsp a system in the local minimum (here corresponding to negative
magnetization) is metastable with infinite lifetime; at h = hsp the minimum becomes an
inflection point and the metastable state ceases to exist.

FIGURE 2.7: Schematic of the spinodal lines surrounding a 1st order transition. At T < Tc
one can vary h from h > ht = 0 to h < 0 while keeping the system in the positive-
magnetization state, but not beyond h(−)

sp , where that state becomes unstable.
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When it exists, the metastable phase (in mean field) has infinite lifetime. At
h = hsp the secondary minimum disappears (becomes an inflection point) and
the metastable phase becomes unstable (see Fig. 2.6): a system prepared with a
magnetization different from that of the thermodynamic equilibrium state evolves
toward equilibrium. For |h| ≥ hsp, f3 has only one minimum. Thus, in mean
field, the spinodal point (where the metastable state becomes unstable, in the
sense that the second derivative of f3 with respect to m vanishes, see Fig. 2.7) is
also the limit of metastability, i.e., the point beyond which the metastable phase
can no longer be observed.

For systems with finite-range interactions the situation is far more complex [11,
17]. On one hand, the metastable phase ceases to be observable before it be-
comes unstable [18–20], because as the system moves away from the transition,
the metastable lifetime decreases while its relaxation time increases; when they
become of the same order, the phase is unobservable. This is the metastability
limit, which differs from the spinodal. This limit is also known as the kinetic spin-
odal [21], while the term thermodynamic spinodal is sometimes used to denote the
spinodal as defined above (the appearance of an instability).

On the other hand, the order parameter can fluctuate in space. Although f3
can still be defined (and used to compute true equilibrium properties), in the
thermodynamic limit it has no change of convexity and has a unique minimum;
it therefore cannot be used to define a spinodal point.

The spinodal is thus beyond the metastability limit, and therefore outside the
domain of thermodynamics and quasi-equilibrium treatments. Because of these
difficulties it has been concluded that the spinodal is meaningful only in mean
field [22] or in finite systems [17].

However, it is possible to detect signs of an instability in (meta)equilibrium
measurements: the susceptibility and the relaxation time of the metastable phase
grow as one moves deeper into the metastable region, and when extrapolated
with a power law appear to diverge at a point beyond the metastability limit
called the pseudospinodal [22, 23].

In [3] and as we discuss in Chapter 7, far from abandoning the idea of a spin-
odal in finite-range systems, we propose to define it through out-of-equilibrium
properties of the system.

2.5.1 Spinodal points in systems with long-range interactions

In this section we consider models where each spin interacts with all others. For
such systems, mean-field theory is exact. We briefly review the analytical results
on spinodal points in mean field.
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The Curie–Weiss model

We first consider the Curie–Weiss model, or fully-connected version of the Ising
model. In the presence of a homogeneous external magnetic field, the Hamilto-
nian is:

HCW = − J

2N

∑
i 6=j

sisj − h
N∑
i=1

si

= − J

2N

(
N∑
i

si

)2

− h
N∑
i=1

si + const, (2.15)

where N is the number of spins (si = ±1), h is the external magnetic field, and
J > 0.

The extended free energy per spin (2.12) can be computed exactly, sinceHCW
is an explicit function of the total magnetization M =

∑
i si and the partition

function can be evaluated at fixed M . In the limit N →∞:

f3(T,m, h) =
1

β

[
1 +m

2
ln

1 +m

2
+

1−m
2

ln
1−m

2

]
− J

2
m2 − hm, (2.16)

where β = 1/T (with kB = 1) and m = M/N .
The absolute minimum of f3 with respect tom defines the stable (equilibrium)

solution m(T, h). The model has a second-order transition at h = hc = 0 and
critical temperature Tc = J . For T < Tc, there is a line of first-order transitions
at h = 0 where m(T, h) is singular. However, there exist analytic continuations
m+(T, h) of positive-h values to negative h, and m−(T, h) vice versa, as long
as |h| is not too large. These analytic continuations are the metastable states,
corresponding to local minima of f3.

The conditions

∂f3(T,m, h)

∂m
= 0,

∂2f3(T,m, h)

∂m2
> 0, (2.17)

define the (meta)stable states. The secondary minimum (and hence the metastable
solution) ceases to exist when h < h

(−)
sp = −hsp, where the spinodal field hsp is

given by:
∂2f3(T,m, h)

∂m2

∣∣∣∣
h=h

(−)
sp

= 0. (2.18)
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Since ∂2f3/∂m2 = χ−1T , the susceptibility diverges at h(−)sp , and one can show
directly that for h− h(−)sp � 1:

χT ∼ (h− h(−)sp )−1/2. (2.19)

This singularity can be treated analogously to an ordinary critical point. For
fixed T :

Ch ∼ (h− h(−)sp )−1/2 (2.20)

∆m ∼ (h− h(−)sp )1/2 (2.21)

where Ch is the specific heat and ∆m = m − m(−)
sp , with m

(−)
sp = m(h

(−)
sp ) (note

that ∆m > 0).
Fixing h and expanding for 0 < Tsp − T � 1:

∆m ∼ (Tsp − T )1/2 (2.22)

Ch ∼ (Tsp − T )−1/2 (2.23)

χT ∼ (Tsp − T )−1/2 (2.24)

Taking ∆m as an order parameter, the singular behavior near the spinodal
point can be characterized exactly as at a genuine critical point. The set of critical
exponents is:

β = 1/2, α = 1/2, γ = 1/2, δ = 2, (2.25)

satisfying the Rushbrooke and Widom scaling relations:

α+ 2β + γ = 2, (2.26)
γ = β(δ − 1). (2.27)

Assuming η = 0 as in mean-field critical points, and using Fisher’s scaling
relation γ = ν(2 − η), we get ν = 1/4. From the Josephson hyperscaling relation
νd = 2 − α, we deduce an upper critical dimension dc = 6, confirmed by a
renormalization group analysis [24].

The Curie–Weiss–Potts model

The Curie–Weiss–Potts model is defined by the Hamiltonian:

HCWP = − J
N

∑
i 6=j

δ(σi, σj), (2.28)
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where J > 0, σi = 1, 2, . . . , q, and δ(σi, σj) is the Kronecker delta. The extended
free energy per spin f3 for this model can also be computed exactly [25] (at zero
field):

f3(m,T ) =− J(q − 1)

2 q
m2 +

1

β q

{
[1 + (q − 1)m] ln

[
1 + (q − 1)m

q

]
+ (q − 1)(1−m) ln

[
1−m
q

]}
. (2.29)

The order parameter m is defined as in Eq. (3.14).
The extended free energy (2.29) has two local minima (and hence a first-order

transition) for q ≥ 3, where the transition occurs at Tt = J(q − 2) ln(q − 1)/[2(q −
1)] [26].

For T (−)
sp < T < Tt (with T (−)

sp = J/q) there exists a metastable disordered so-
lution withm = 0 (supercooled paramagnet), and for Tt < T < T

(+)
sp a metastable

ordered solution with m = msp 6= 0, where the spinodal temperatures are ob-
tained from Eq. (2.18) with h = 0. An analysis analogous to the above shows that
near the upper spinodal T (+)

sp , the order parameter ∆m, the specific heat, and
the susceptibility display the same critical behavior (2.22)–(2.24) with the same
critical exponents (2.25).

The same set of exponents is obtained in other mean-field approximations:
the Landau φ4 model and — for the upper spinodal — the Landau φ6 model.
Renormalization group techniques [24, 27] confirm these exponent values.

Near the lower spinodal temperature T (−)
sp , the behavior is different: the sus-

ceptibility shows a power-law divergence with exponent γ = 1, while the mag-
netization and specific heat remain finite. In principle, one should not expect the
same critical exponents at both spinodals.
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THE q-STATE
POTTS MODEL
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3.1. THE POTTS MODEL

The q-state Potts model [25, 28] is, after the Ising model, perhaps the most
fruitful magnetic model in the Statistical Mechanics of phase transitions. It arises
as a generalization of the Ising model [29] to more than two possible values for
the spin variable, allowing each spin to adopt q different states s = 1, 2, . . . , q.
Historically, the first study of a version of the model (with four components)
was carried out by the mathematicians Julius Ashkin and Edward Teller [30] in
1943. The general q-component model, however, bears its current name from
1952, when Renfrey B. Potts proposed it in his doctoral thesis as a response to
a slightly different problem suggested by his advisor Cyril Domb. The problem
was treated independently two years later by Kihara et al. [31].

The model attracted little attention in its early years, but in the mid-1970s,
following the seminal work of Rodney J. Baxter [32, 33] on rigorous results for
the model, it gained the interest of many researchers in statistical physics. It was
subsequently adopted and modified in other areas of physics and even in other
disciplines entirely.

Today the Potts model remains of great theoretical interest, in particular due
to the possibility of tuning the nature of the phase transition by varying q, and
due to its simplicity and suitability for the study of non-equilibrium phenom-
ena — including domain growth kinetics, nucleation from metastable states, and
slow dynamics. It is also employed in practical modeling applications such as
soap foams and bubbles, genetic segregation, cellular behavior and tumor cell
migration, image analysis, neural networks, and even social and demographic
behavior. Its known exact results and extensive literature make it an ideal testing
ground for new numerical methods and approximations in the theory of phase
transitions.

3.1 The Potts model

We present a brief history of the Potts model following [25] and then formulate it
in the notation we will use throughout the rest of the thesis.

The original problem proposed by Domb started from viewing the Ising model
as a system of interacting spins that could be parallel or antiparallel. A natural
generalization is therefore to consider a system of planar spins, each pointing
along one of q equally spaced directions given by the angles:

Θn =
2πn

q
, n = 0, 1, . . . , q − 1 (3.1)
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In its most general form, the interaction between nearest neighbors depends
only on the relative angle between the two vectors. This is generally known as a
Z(q)-symmetry system with Hamiltonian:

H = −
∑
<ij>

J(Θij) (3.2)

where the function J(Θ) is 2π-periodic and Θij = Θni −Θnj is the angle between
two spins at neighboring sites i and j.

Domb’s original proposal was:

J(Θ) = −ε1 cos(Θ) (3.3)

Using a Kramers–Wannier analysis [34], Potts determined the critical point of
this model on the square lattice for q = 2, 3, 4. Unable to extend this result to
q > 4, Potts reported as a concluding remark in his publication the critical point
for all q of the following model:

J(Θij) = ε2 δ(ni, nj) (3.4)

where

δ(ni, nj) =

{
1 if ni = nj
0 otherwise

is the Kronecker delta. This version of the model is the one that has attracted by
far the greatest attention and is known as the standard Potts model, or simply the
Potts model. For historical reasons it is sometimes found under the name Ashkin–
Teller–Potts model. Version (3.3) is called the planar Potts model or the Clock model.

The Potts model is ferromagnetic if ε2 > 0 and antiferromagnetic if ε2 < 0. In
addition to two-site interactions, there can in general be multi-site interactions,
distance-dependent interactions, or interactions with external fields. For exam-
ple, the Potts model on an (in principle arbitrary) lattice G of N sites with pair,
triple, and external-field interactions takes the form:

−βH = L
∑
i

δ(σi, 0) +K
∑
(i,j)

δ(σi, σj) +K3

∑
(i,j,k)

δ(σi, σj , σk) + · · · (3.5)

where β = 1
kT and σi = 0, 1, . . . , q − 1 specifies the state of the spin at site i,

K = βε2 and Kn with n ≥ 3 measure the strength of n-site interactions, and L is
an external field applied to spin state 0.
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3.1. THE POTTS MODEL

Its partition function is:

ZG(q;L,K,Kn) =

q−1∑
σ1=0

. . .

q−1∑
σN=0

e−βH . (3.6)

From it one can derive, for example:
The free energy per site

f(q;L,K,Kn) = lim
N→∞

1

N
logZG(q;L,K,Kn) (3.7)

The internal energy per site

E(q;L,K,Kn) = − ∂

∂β
f(q;L,K,Kn) (3.8)

The magnetization per site

M(q;L,K,Kn) = − ∂

∂L
f(q;L,K,Kn) (3.9)

As is usual in Statistical Mechanics, however, we do not know how to com-
pute the partition function exactly for this model. Exact computation of physical
quantities is possible only in a few very particular cases; in general the system is
analyzed using analytical approximations of various kinds or numerical simula-
tions.

The Potts model should not be confused with the chiral Potts model, for whose
order parameter an exact solution is known [35]. In the mathematical area of
Graph Theory, much effort goes into finding exact results for the partition func-
tion of the Potts model by interpreting it as an evaluation of the Tutte polyno-
mial [36].

3.1.1 Our notation

In this thesis we analyze the simple case where G is a two-dimensional square
lattice of N sites (numbered 1, . . . , N ), with each site i associated to a quantity
si (we say there is a spin at site i with spin variable si) that can take q different
values, si = 1, 2, . . . , q. Interactions are restricted to adjacent spins, si, sj , which
interact with energy −JP δ(si, sj) (the constant JP replaces ε2 in (3.4)). We also
include, when relevant, an external field h favoring orientation s = 1 arbitrarily.
The Hamiltonian is then:

HP = −JP
∑
<i,j>

δ(si, sj)− h
N∑
i=1

δ(si, 1), si = 1, 2, . . . , q (3.10)

30



CHAPTER 3. THE Q-STATE POTTS MODEL

where the first sum runs over all nearest-neighbor pairs in the lattice. Unlike
equation (3.5), we have chosen each si to take values 1, . . . , q, but any q distinct
numbers would serve equally well.

In particular, for q = 2 we can allow each si to take the values +1 or −1, so
that δ(s, s′) = 1

2(1 + ss′); substituting this into (3.10) we obtain, up to an additive
constant:

HI = −JI
∑
<ij>

sisj − h′
N∑
i=1

si, si = −1, 1 (3.11)

which is nothing other than the Ising Hamiltonian, with JI = JP /2 and where a
factor of 2 has been absorbed into the external field variable h′. Thus for q = 2 we
recover the Ising model as expected, keeping in mind that quantities such as the
critical temperature computed from the Potts Hamiltonian will differ by a factor
of 2 from the well-known values for the Ising model.

In two dimensions, the ferromagnetic version (JP > 0) of model (3.10) at zero
field h = 0,

HP = −JP
∑
<i,j>

δ(si, sj), (3.12)

exhibits a first-order phase transition at a finite temperature when q > 4, while
for q ≤ 4 the transition is continuous [25]. This is the version used throughout
almost the entire thesis.

We define the internal energy per spin as

e = 〈H〉/N (3.13)

where 〈 · 〉 denotes the average over configurations, and the order parameter [37]
as

m =
(qNmax/N − 1)

q − 1
(3.14)

whereNmax = max(N1, N2, . . . , Nq) andNi is the number of spins in state i. Thus
m = 1 for a fully ordered system (Nmax = N , all spins aligned), and m = 0 for a
fully disordered system (all q spin states equally populated).

Several equilibrium properties of the two-dimensional model are known ex-
actly, though restricted to the transition point. For example, the transition tem-
perature on the square lattice in the thermodynamic limit for all q ≥ 2 is given
by [32]:

kBTc
JP

=
1

ln(1 +
√
q)

(3.15)
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where kB is Boltzmann’s constant. Henceforth, for simplicity, we work in units
where kB = JP = 1.

The latent heat for q > 4 is known exactly [32]:

ed − eo = 2

(
1 +

1√
2

)
tanh

Θ

2

∞∏
n=1

(tanh nΘ)2 (3.16)

where Θ = arccos(
√
q/2) and

ed = lim
N→∞

1

N
lim

T→T+
c

〈H〉, (3.17)

eo = lim
N→∞

1

N
lim

T→T−c
〈H〉. (3.18)

Additionally [31]:
ed + eo = −2(1 + 1/

√
q) (3.19)

from which the individual values of ed and eo can be extracted.
The jump in the order parameter at the transition (for q > 4) is given by [38]:

∆m = 1− q−1 − 3q−2 − 9q−3 − 27q−4 − . . . (3.20)

Since the order parameter in the disordered phase equals zero even at the transi-
tion (md = 0), this expression gives the exact value of the order parameter in the
ordered phase at Tt.

A review of the known properties of the Potts model in other dimensions, as
well as results for the model under mean-field approximations, high-temperature
series, and renormalization group can be found in [25, 39].

3.2 Applications

For many years interest in the Potts model rested primarily on its theoretical
properties. With time, however, it has become ubiquitous across Statistical Physics
as a model capable of underpinning the study of specialized and practically rele-
vant problems.

On the experimental side, various realizations of Potts universality have been
identified in adsorbed monolayers on crystalline surfaces [40–42], in cubic ferro-
magnets in diagonal magnetic fields [43,44], in certain structural transitions [45],
in martensitic transitions [46], and elsewhere. When seeking the experimental
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correlate of a spin model, the universality class (set of critical exponents) is typi-
cally used to associate the theoretical model with the experimental system.

On the purely theoretical side, the Potts model has become a model of choice
due to its simplicity and the versatility afforded by varying q to tune the nature of
the phase transition. It is widely used in the study of domain growth dynamics [4,
47–50] and of nucleation as an equilibration mechanism [51–53].

The Potts model has also attracted interest from the QCD community [54–62],
since an effective model for the Polyakov loop shares theZ(3) symmetry of SU(3)
gauge theory (the 3d, q = 3 Potts model), and its weak first-order transition plays
an important role in studies of the deconfinement transition of heavy quarks.

Beyond physics, the model has been adapted for practical applications in-
volving soap foams and bubbles [63,64], genetic segregation [65], cellular behav-
ior and tumor cell migration [66, 67], image analysis [68], neural networks [69],
and social and demographic behavior [70, 71].

Its exactly known critical properties make it an effective benchmark for new
algorithms and approximate analytical methods.
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CHAPTER 4

DYNAMICAL RELAXATION
PROCESSES

35



Most undergraduate and graduate courses in Statistical Mechanics and Ther-
modynamics focus on the theoretical study of macroscopic systems in thermody-
namic equilibrium. Yet in many experimental realizations — perhaps the most
interesting ones — the situation is very different: systems are in contact with an
equilibrated environment but, for one reason or another, cannot equilibrate with
it. They therefore evolve in time while remaining out of equilibrium [72].

The list of systems evolving out of equilibrium is very long, as are the reasons
why equilibration may not be achieved. The most common cases are those in
which the time required to equilibrate the system exceeds the available experi-
mental observation window — as in systems undergoing domain growth, phase
separation, and classical or quantum glass formation. Another important cause
is the action of external forces that drive the system away from equilibrium, as
in the rheological properties of glass-forming liquids and the forced dynamics of
granular materials.

Although a complete and consistent theory for non-equilibrium states, anal-
ogous to the Statistical Mechanics of ensembles for equilibrium states, does not
yet exist, nearly five decades of research in this area provide a broadly optimistic
picture, and several non-equilibrium mechanisms have been well catalogued and
understood.

We focus here on what has come to be called the Theory of Phase-Ordering
Kinetics [73]: the systematic study of the mechanisms by which a system brought
suddenly from one equilibrium condition (typically a homogeneous, disordered
high-temperature phase) to another (typically a symmetry-broken, low-temperature
phase) “orders” itself through the growth and coarsening of domains.

To fix ideas, consider a system with an order–disorder or ferromagnet–paramagnet
phase transition, which having been equilibrated in a disordered (homogeneous)
high-temperature state is suddenly cooled1 to a temperature below the transi-
tion temperature Tc (see Fig. 4.1). Since at this temperature there exist (at least2)
two different equilibrium states, the question is which one the system selects
and how it does so. The way the system adapts to its new environmental con-
ditions depends on the nature of the system and its associated dynamics, on the
interactions between its components, and fundamentally on the environmental
conditions (i.e., the magnitudes of external parameters such as temperature and
magnetic field). A diverse range of dynamical mechanisms manifests in systems
with varying degrees of complexity.

1This rapid cooling or quenching process is known as a quench and will appear throughout the
text.

2In the Potts model, for example, there are q.
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FIGURE 4.1: Schematic of the magnetization of the zero-field Ising model as a function of
temperature, showing the spontaneous symmetry breaking at Tc. The arrow illustrates a
quench at time t = 0 from Ti to Tf (image adapted from [73]).

4.1 Domain growth

The most commonly observed phenomenon in condensed matter for the evolu-
tion of a system seeking equilibrium is domain growth. By a domain we mean a
region of the system dominated by a particular phase, bounded by a domain wall
(an interface of dimension d − 1), and characterized by a linear size `. In a non-
equilibrium situation or within a coexistence region, several domains of different
phases may coexist simultaneously, and their characteristic sizes `i(t) carry the
information needed to characterize the non-equilibrium mechanisms.

Following a rapid temperature quench from the disordered high-temperature
phase into the ordered low-temperature region, the system reorganizes into pro-
gressively larger ordered structures. This temporal evolution is governed by ther-
mal, diffusive, and curvature-driven processes, and the effective growth law de-
pends on general characteristics of the system such as the presence of quenched
disorder, the dimensionality of the order parameter, and whether it is conserved
or not.

4.1.1 Scaling hypothesis

The scaling hypothesis states that, at long times in a macroscopic system, there
exists a unique characteristic length scale `(t) such that the domain structure is (in
a statistical sense) time-independent when all lengths are rescaled by `(t). Con-
cretely, the pair correlation function C(r, t) = 〈φ(x + r, t)φ(x, t)〉 and its Fourier
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FIGURE 4.2: Monte Carlo simulations of domain growth in the 2d Ising model at T = 0,
after a quench from T = ∞. Black encodes regions of up spins, white for down spins.
The system is 256 × 256 spins and images correspond to 5, 15, 60, and 200 MCS (top to
bottom, left to right). Image taken from [73].

transform (the structure factor S(k, t)) take scaling forms:

C(r, t) = f(r/`), S(k, t) = `d g(k`). (4.1)

One of the fascinating consequences of phase-ordering kinetics is that, in the
thermodynamic limit, the final equilibrium state is never fully reached — the
longest relaxation time diverges with system size in the ordered phase, reflect-
ing ergodicity breaking. Instead, an intricate network of domains of the equilib-
rium phases forms, with the characteristic length scale growing with time. The
sequence of domain patterns observed at successive times resembles a spatial
zoom-in sequence, manifesting the dynamic scaling hypothesis.

4.1.2 Coarsening

Many domain-growth processes are governed by curvature-driven growth (coars-
ening), where thermal effects play a secondary role. Phenomenological equations
for the time evolution of the coarse-grained order parameter are obtained from a
Landau free-energy functional [73]:

F [φ] =

∫
ddx

[
1

2
|∇φ|2 + V (φ)

]
, (4.2)
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with a double-well potential. Two cases are distinguished: conserved and non-
conserved order parameter.

Conserved order parameter (Cahn–Hilliard equation):

∂φ

∂t
= ∇2 δF

δφ

= −∇2[∇2φ− V ′(φ)]. (4.3)

Characteristic of phase separation in binary alloys, where the total number of
each species is conserved.

Non-conserved order parameter (time-dependent Ginzburg–Landau / model
A):

∂φ

∂t
= −δF

δφ

= ∇2φ− V ′(φ). (4.4)

Characteristic of order–disorder or ferromagnetic–paramagnetic transitions. The
same equations with Langevin thermal noise on the right-hand side are known as
model B and model A respectively in the Hohenberg–Halperin classification [74].

For the non-conserved case, Allen and Cahn [75] derived from (4.4) the local
interface velocity:

v = −∇ · ĝ = −K , (4.5)

where v is the wall velocity in the direction of increasing φ, ĝ is a unit vector nor-
mal to the wall surface, and K ≡ ∇ · ĝ is (d − 1) times the mean curvature of
the wall. According to this law, all interfaces move with a local velocity propor-
tional to the local curvature, directed toward lower curvature, so interfaces tend
to shrink and disappear.

The scaling hypothesis suggests an intuitive derivation of growth laws for
`(t). If there is a unique characteristic length `, the wall velocity scales as v ∼
d`/dt and the curvature as K ∼ 1/`. Substituting and integrating gives `(t) ∼
t1/2 for non-conserved scalar fields (model A). For conserved fields an analogous
argument [76] gives `(t) ∼ (σt)1/3.

Inspired by the analogy with critical phenomena, we write the general scaling
law:

`(t) ∝ tn. (4.6)

Two universality classes have been delineated: n = 1/2 (Lifshitz–Allen–Cahn
law [77,78], for non-conserved order parameter, e.g. the Ising model with Glauber
dynamics) and n = 1/3 (Lifshitz–Slyozov law [79], for conserved order parame-
ter, e.g. spinodal decomposition in binary fluids).
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4.1.3 Activated processes and logarithmic growth

Not all scalar-field models fall within the two universality classes described above.
Systems with quenched disorder (such as the random-field or random-bond Ising
model) exhibit logarithmically slow coarsening. More generally, Lai, Mazenko,
and Valls [80] classified domain-growth kinetics into four classes based on how
free-energy barriers FB grow with `:

• Class 1 (no barriers): `(t) ∼ t1/2, persisting even at T = 0. Canonical
example: Ising model with spin-flip dynamics.

• Class 2 (barriers independent of `): For a unique barrier height FB , `(t) =√
`20 + a0t/ta(T ), where ta(T ) = eFB/kBT is the activation time. At long

times crosses over to power-law growth ` ∼ t1/2 (with strongly temperature-
dependent prefactor).

• Class 3 (barriers linear in `): `(t) ∼ (T/fB) ln(t). Typical of the random-field
Ising model.

• Class 4 (barriers ∝ `m, m 6= 1): `(t) ∼ T [ln(t)]1/m. Typical of spin glasses
and systems with frozen disorder.

When curvature-driven growth is insufficient, thermally activated processes
allow relaxation via an Arrhenius law [81]:

tia ∝ exp[Fi/kBT ]. (4.7)

We will encounter this type of behavior in Chapter 8.

4.1.4 Nucleation

As discussed in Chapter 2, the presence of metastable states associated with a
first-order phase transition induces a two-timescale relaxation. The most widely
accepted mechanism for the decay of a metastable state to equilibrium is nucle-
ation of the stable phase.

Classical Nucleation Theory

The standard framework [11] considers droplets as macroscopic objects described
by a volume term and a surface term. Classical Nucleation Theory (CNT) postu-
lates that a droplet of radius R of the stable phase appears with probability P (R)
proportional to the Boltzmann factor:

P (R) ∼ g(L) exp[−β∆F (R)], (4.8)
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FIGURE 4.3: Excess free energy (4.9) from a droplet of one phase in a sea of the other, for
d = 3. A droplet spontaneously formed by fluctuations with radius greater than Rc will
grow; otherwise it shrinks.

where g(L) is a non-exponential prefactor (in principle a function of the system
linear size L) and ∆F (R) is the excess free energy due to the droplet:

∆F (R) = a(f1 − f2)Rd + bsRd−1 (4.9)

where s is the surface (interface) tension, f1 and f2 are the free energies per unit
volume inside and outside the droplet respectively, and a and b are positive geo-
metric constants. Since (f1 − f2) < 0, there is a competition between the volume
and surface terms. The critical radius

Rc =
bs(d− 1)

a(f2 − f1)d
(4.10)

is a maximum of ∆F (R) (see Fig. 4.3). Droplets with R > Rc grow and invade
the system; those with R < Rc shrink and dissolve.

CNT postulates that the nucleation time tn(L) is inversely proportional to the
probability of generating a critical droplet:

tn(L) ∝ g(L)−1 exp(β∆F (Rc)) (4.11)

The L-dependence of the nucleation time (4.11) is observed only in not-too-
large systems (L & Rc), the so-called “nucleation regime,” where a single droplet
forms and expands to cover the whole system. In 2D, g(L) ∼ L2 in this regime [52].
At larger sizes (L� Rc) many droplets form simultaneously in different regions
and coalesce — the “coalescence regime,” in which the equilibration time be-
comes size-independent.
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Extensions of CNT

The basic CNT considers only spherical droplets in a homogeneous “sea” of the
other phase (homogeneous nucleation). In inhomogeneous systems, impurities,
vacancies, or system boundaries act as nucleation centers where the effective
surface energy is lower, so nucleation occurs with higher probability (hetero-
geneous nucleation). Extensions incorporating anisotropic surface tensions and
non-spherical droplets also exist; in those cases the equilibrium shape of the crit-
ical droplet is given by the Wulff construction [82].

“Non-classical” nucleation

Several non-classical nucleation theories exist, including scaling theories, density-
functional theories, and diffuse-interface theories [83]. We anticipate here a com-
ment based on our own evidence about the nucleation mechanism in the q-state
Potts model.

While CNT assumes that droplets of the stable phase form in the metastable
sea purely by thermal fluctuations, our preliminary evidence indicates that be-
fore the critical nucleus appears, spatial correlations begin to grow in the system,
constituting strong “precursor effects” for nucleation. The nucleation time would
then be associated not with the waiting time for the spontaneous appearance of
a critical-radius droplet, but rather with a collective, self-organized process of
spins in a region of the system driven by growing spatial correlations.

4.1.5 Two dynamical scenarios — or more?

A common assumption in the literature on first-order phase transitions is that
a quench from high temperature leads to either nucleation (if the quench end-
point lies between the coexistence curve and the spinodal) or coarsening (if it lies
beyond the spinodal). The expectation is that the size of the nucleation region
grows with the strength of the first-order transition: for a strong transition the
nucleation region is wide, while for a weak one the coarsening regime is more
likely to be reached.

As we shall see in Chapter 8, this binary picture is, at least, incomplete — even
in simple systems like the Potts model. At long times the dynamics depends
strongly on the quench temperature range. Additional characteristic tempera-
tures beyond the spinodal enter the dynamics, and several distinct dynamical
regimes can be identified.
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FIGURE 4.4: Typical example of frustration in magnetic spin systems: three spins are
placed at the vertices of an equilateral triangle and interact antiferromagnetically. Once
two of them are anti-aligned, the third is frustrated.

4.2 Frustration

In certain situations the dynamics of a system can be impeded by local phenom-
ena that prevent relaxation to equilibrium. This is the case of geometric frustra-
tion or intrinsic disorder, as in spin glasses. Below, we briefly review geometric
frustration and introduce the concept of dynamical (or spontaneous) frustration,
for which pre-existing disorder in the model is not required.

4.2.1 Geometric frustration

Geometric frustration (or simply frustration) in condensed matter refers to the
phenomenon in which the geometric properties of the crystal lattice and/or com-
peting interatomic interactions prevent the simultaneous minimization of all in-
teraction energies at a given site.

A simple example is shown in Fig. 4.4: three spins with antiferromagnetic in-
teractions at the vertices of a triangle. Once two are antiparallel, the third cannot
be antiparallel to both neighbors simultaneously. Replicating this triangle into
a lattice yields a highly degenerate ground state with nonzero zero-temperature
entropy.

Frustration is also present in spin-glass models (the Edwards–Anderson ±J
model), where stochastic disorder in the interactions plays the key role [84], and
in spatially modulated magnetic superstructures (the ANNNI model) [85].

For completeness: we distinguish between quenched (frozen) disorder, where
the interaction parameters are random variables that do not evolve in time, and
annealed disorder, where these variables can change with time.
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4.2.2 Dynamical frustration

In certain situations, even when a well-defined, non-frustrated ground state ex-
ists, the dynamics can trap the system in a frustrated state from which equilib-
rium is never reached — a phenomenon we term dynamical (or spontaneous) frus-
tration.

A first example is the 3D Ising model quenched to T = 0: contrary to naive
expectation, the system never orders and persists indefinitely in a topologically
complex state of interpenetrating regions of positive and negative magnetization,
containing “blinkers” — spins that flip ad infinitum between their two states at
zero energy cost [86, 87].

As we shall see in Chapter 8, analogous dynamically frustrated states arise at
low temperatures in the 2D Potts model for q > 4. At T = 0 the system never
orders, and at low but finite temperatures it remains trapped for very long times
in states of planar, rectangular domain walls with truncated vertices occupied by
blinkers. Escape from these states requires thermal activation, so the lifetime di-
verges as T → 0. The origin of dynamical frustration in the Potts model is the
high degeneracy of its ground state and the multiplicity of accessible frustrated
configurations. Notably, the dynamical frustration grows stronger with increas-
ing q.

This phenomenon is not merely an artifact of model dynamics: glassy freez-
ing by dynamical frustration has been observed experimentally via inelastic neu-
tron scattering in the stoichiometric metallic compound PrAu2Si2 [88], where the
authors attribute freezing not to site disorder or vacancies but to dynamical fluc-
tuations of crystal-field levels that destabilize induced magnetic moments.

The common denominator in all cases of dynamical frustration is the multi-
plicity of accessible frustrated states — from a thermodynamic perspective, they
have significant measure in phase space and are observed for entropic reasons.
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For systems in equilibrium, the spatial correlation length diverges at the critical
temperature Tc. Microscopic details of the system become irrelevant for large-
scale behavior, and a universal scaling form emerges — the hallmark of critical
phenomena.

For a dynamical system in the long-time regime, a universal dynamical scaling
form is likewise known to hold. This is because the correlation time (the time
required for the system to reach equilibrium) diverges and the spatial correlation
length is also very large at long times.

For a magnetic system, e.g. the Ising model, the finite-size dynamical scaling
form for an observable O is [74, 89]:

O(t, τ, L) = b−xO(b−zt, b1/ντ, b−1L), (5.1)

where t is time, τ = (T − Tc)/Tc is the reduced temperature, L is the system
size, b is the scaling factor, x and ν are static exponents, and z is the dynamical
exponent. It is worth noting that long-time dynamical scaling is independent of
initial conditions.

Consider the two-time autocorrelation function for a spin system si = ±1:

A(t, t′) =
1

Ld

〈∑
i

si(t
′)si(t+ t′)

〉
. (5.2)

In a finite system, A(t, t′) decays exponentially with t at the critical temperature
(τ = 0):

A(t, t′) ∼ e−t/ζt , (5.3)

where ζt is the correlation time. This exponential decay is independent of t′, and
applying the finite-size scaling ansatz Eq. (5.1) to A(t, t′) gives:

ζt ∼ Lz. (5.4)

Typically the dynamical exponent is z ≈ 2 (for instance, for the majority of
single-spin-flip Monte Carlo algorithms for the Ising model). As a result, ζt grows
rapidly with L, the two-time autocorrelation remains close to 1, and it becomes
difficult to generate independent configurations with Monte Carlo, and there-
fore to advance toward equilibrium. This is the well-known critical slowing down,
which makes equilibrium simulations near a critical point very costly and also
affects measurements of dynamical observables.

Traditionally it was thought that this universal scaling behavior only emerged
in the long-time limit of the evolution. However, it has been demonstrated in re-
cent years that the scaling hypothesis can be extended to the short-time regime [90,
91], which requires the introduction of one new independent critical exponent.
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As we shall see, the validity of this scaling hypothesis in the early stages of the
dynamics allows one to locate critical points and their associated exponents with-
out costly equilibrium measurements, but simply through careful observation of
the non-equilibrium dynamics of the system. The study of criticality through this
short-time scaling is known as Short-Time Dynamics (STD).

5.1 Short-Time Dynamics (STD)

In 1989 Janssen et al. [90], using Renormalization Group (RG) techniques with an
ε-expansion to second-loop order1, rigorously established for a model-A system
(a φ4 Hamiltonian with Langevin dynamics) the following scaling form valid in
the macroscopic short-time regime for the n-th moment of the magnetization:

m(n)(t, τ, L,m0) = b−nβ/νm(n)(b−zt, b1/ντ, L/b, bµm0). (5.5)

Here m0 is the initial value of the order parameter and µ is a new, independent
universal exponent describing the short-time behavior, while β, ν, and z are the
usual critical exponents. This scaling form is valid only for a very small initial
magnetization m0 � 1.

After its first appearance, the short-time scaling form was validated by nu-
merical simulations [92–94], and shown to be of great generality beyond model-
A systems [95, 96].

When discussing universal behavior in the short-time critical dynamics, we
must keep in mind that there are two different time scales: the macroscopic and
the microscopic. Universal behavior emerges only after a period of time that is
sufficiently long in the microscopic sense — the so-called microscopic time scale
tmic, during which the system dynamics sheds its “short-wave” behavior domi-
nated by microscopic details. The scaling form (5.5) is expected to hold for times
t such that tmic � t � tmac, where tmac ∼ Lz . Numerical simulations of various
models show tmic to be in the range 10–300 MCS.

In the short-time regime at a critical point, the spatial correlation length is
still small in the macroscopic sense and does not induce the same kind of scaling
as when it diverges at long times. Nevertheless, a scaling already manifests in
the system, attributed exclusively to the large correlation time near the critical
temperature.

1In 2008 Prudnikov et al. [91] extended the proof to third-loop order in the RG description.
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FIGURE 5.1: Schematic of the time evolution of the magnetization near the critical point,
starting from a small but nonzero initial value.

5.1.1 Power-law behavior in STD

The scaling properties of short-time dynamics depend on the initial preparation,
i.e., on the scalar field m0.

Disordered initial state (m0 � 1)

Starting from Eq. (5.5), in the thermodynamic limit (L → ∞), choosing b = t1/z ,
we obtain for the magnetization (n = 1):

m(t, τ,m0) = t−β/νzm(1, t1/νzτ, tµ/zm0). (5.6)

For small values of tµ/zm0, expanding the right-hand side to first order and
using m(tµ/zm0 = 0) = 0, we obtain:

m(t, τ,m0) = t−β/νztµ/zm0F (t1/νzτ) +O((tµ/zm0)
2)

' m0 t
θF (t1/νzτ), θ =

µ− β/ν
z

. (5.7)

Both RG calculations and simulations observe θ ≥ 0. Therefore, at the critical
point (τ = 0) one generally observes an initial power-law increase of the magne-
tization m ∼ m0t

θ, as shown schematically in Fig. 5.1.
This initial increase lasts while tµ/zm0 . 1. The magnetization has a maxi-

mum near the characteristic time t0 ∼ m
−z/µ
0 and then gradually crosses over to

the familiar long-time behavior m(t) ∼ t−β/νz .
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For the second moment (n = 2), at the critical point τ = 0:

m(2)(t, L,m0) = b−2β/νm(2)(b−zt, L/b, bµm0). (5.8)

Since m(2) ∼ N−1 = L−d in the large-L limit (d is the spatial dimension):

m(2)(t, L,m0) ∼ (L/b)−db−2β/νF (b−zt, bµm0)

∼ 1

N
bd−2β/νF (b−zt, bµm0). (5.9)

Choosing b = t1/z and neglecting the m0 dependence for m0 � 1:

m(2)(t) ∼ N−1 td/z−2β/zν . (5.10)

Furthermore, from (5.7), taking the logarithm and differentiating with respect
to τ :

∂τ logm(t, τ,m0)|τ=0 = t1/νz ∂τ ′ logF (τ ′)
∣∣
τ ′=0

, (5.11)

with τ ′ = t1/νzτ . Thus the logarithmic derivative of m (which can be computed
numerically as finite differences) also exhibits power-law growth and gives ac-
cess to the exponent 1/(νz).

Fully ordered initial state (m0 = 1)

The scaling hypothesis (5.1) also applies when the system starts in the fully or-
dered state, i.e., m0 = 1.

Consistent with numerical simulation results [95, 97], it is generally assumed
that the homogeneity relation

m(n)(t, τ, L) = b−nβ/νm(n)(b−zt, b1/ντ, L/b), (5.12)

holds even at short (but macroscopic) time scales.2

In the large-L limit:
m(t) = t−β/νzG(t1/νzτ), (5.13)

and taking the logarithmic derivative:

∂ logm(t, τ)

∂τ

∣∣∣∣
τ=0

∼ t1/νz, (5.14)

consistent with the disordered initial state case Eq. (5.11).

2As we show in Chapter 6, in [2] we provide analytical evidence that this is indeed the case.
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5.2 STD as a technique for locating critical points

Looking at Eq. (5.7) for τ 6= 0 but still in the critical region, the power law m ∼
tθ will be modified by the scaling function F (t1/νzτ). This can be exploited to
determine the critical temperature.

The method, originally implemented by Schülke and Zheng [98], consists of
recording curves of m vs. t for different temperatures, sweeping a wide range of
T , in order to identify the temperature at which a power-law behavior is observed
at short times.

Starting from a state with m0 � 1 but nonzero: if T < Tc the system orders,
and does so with a growth ofm at short times that is faster thanm ∼ tθ. If T > Tc,
m will grow initially but more slowly than m ∼ tθ, and before the characteristic
time t0 ∼ m

−z/µ
0 it will begin to decrease back toward its equilibrium value m =

0. These deviations from the T = Tc case, for which the power law holds exactly
at short times, are more pronounced the larger |τ | is. As a result, if one plots
m vs. t on a log–log scale for several temperatures (spanning a range including
Tc), one observes a “fan” of curves, among which one stands out by exhibiting
linear behavior on this scale up to times near t0. In that same time window, some
curves deviate from linearity concavely (T > Tc) while others deviate convexly
(T < Tc).

For the ordered initial state, the procedure is analogous. Now the power law
at Tc is decreasing from m = 1, and the fan of curves on the log–log scale opens
around the straight line logm = −β/νz log t+ const, which occurs exactly when
τ = 0.

Identifying Tc is therefore a very graphical process. In essence, one progres-
sively brackets the temperature between the curves showing one or the other con-
cavity, until a temperature is found that faithfully follows the power law within
the estimated error.

In Chapters 6 and 7 we will see examples of the application of the STD tech-
nique. To illustrate the fan of curves that allows identification of the critical
temperature, Fig. 5.2 shows m vs. t curves for different temperatures for a two-
dimensional Heisenberg model with z-direction anisotropy. There it is possible
to determine the critical temperature by identifying the curve that after tmic fol-
lows a power law without any tendency toward concavity or convexity.

Once Tc is known, independent measurements as functions of time are carried
out: m starting from m0 � 1, m starting from m0 = 1, and the logarithmic
derivative ofmwith respect to τ . According to Eqs. (5.7), (5.13), and (5.14), fitting
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FIGURE 5.2: Example of the determination of Tc for a system with Hamiltonian H =
−J∑<i,j> ~si · ~sj − D

∑
i(s

z
i )

2. Curves correspond to different values of T for D/J =
5. Using this procedure it is possible to find a second-order line and construct a phase
diagram. The curve identified as Tc is highlighted with a dotted line together with the
corresponding exponent. Note that for this model tmic ≈ 300 MCS.

these curves yields the critical exponent combinations (µ − β/ν)/z, β/νz, and
1/νz.

To determine each critical exponent individually, one still needs to identify
ν or z separately. This requires the L-dependence of the scaling law. One op-
tion [95] is to extract the dynamical exponent z from the finite-size scaling of the
time-dependent fourth-order Binder cumulant of the magnetization:

Um(t, L) = 1− M (4)

3
(
M (2)

)2 (5.15)

Setting τ = m0 = 0 in (5.5) gives the finite-size relation:

Um(t, L) = Um(b−z, b−1L) (5.16)

and z can be extracted from a collapse of the cumulants [99] for different sizes L.

Although the STD framework has been introduced using a magnetic system
with a temperature-driven transition as a paradigm, the entire argument applies
in the general case of any phase transition characterized by a generic order pa-
rameter m and governed by its associated reduced thermodynamic variable τ .

In Chapters 6 and 7 we will show that the short-time scaling law can be ex-
tended to spinodal points in first-order phase transitions.
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CHAPTER 6

SHORT-TIME DYNAMICS
IN MEAN-FIELD MODELS
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6.1. INTRODUCTION

In this chapter we study Short-Time Dynamics for a mean-field model with
a non-conserved order parameter (the Curie–Weiss model with Glauber dynam-
ics) by solving the associated Fokker–Planck equation. We obtain closed-form ex-
pressions for the first moments of the order parameter near critical and spinodal
points, starting from different initial conditions. This allows us to confirm the va-
lidity of the Short-Time Dynamics scaling hypothesis in both cases. Although the
procedure is demonstrated for a particular mean-field model, our results extend
directly to generic models with a single order parameter.

This chapter is based on joint work with Dr. Celia Anteneodo (UFRJ, Brazil)
[Anteneodo et al., J. Stat. Mech. P07026 (2010)].

6.1 Introduction

As introduced in Chapter 5, in the short-time regime several power laws for
the moments of the order parameter follow from the homogeneity relation (5.5),
from which critical exponents associated with a second-order transition can be
extracted and even the transition point located if unknown.

As noted, while the scaling hypothesis starting from the disordered state was
supported by both numerical simulations and RG calculations, its validity for an
ordered initial state had only been verified numerically until now.

Additionally, as we shall see in detail in Chapter 7, via numerical simulations
we showed [3] that the short-time scaling hypothesis (5.5) holds not only near a
critical point, but also near spinodal points in systems with first-order transitions,
whether mean-field or short-range models. This is particularly interesting as it
suggests the existence of some kind of diverging correlation length associated
with the spinodal point.

Since the very concept of a spinodal in systems with short-range interactions
remains debated (see Section 2.5), a deeper understanding of the microscopic
mechanism behind short-time scaling may shed some light on the problem. One
route to this goal is to seek exact solutions for particular models. A first step
in this direction is to analyze mean-field models (i.e., with infinite-range inter-
actions), for which the concept of spinodal is well defined. This is the objective
of the present chapter: we analyze the exact behavior of short-time relaxation
dynamics for mean-field models far from equilibrium with non-conserved order
parameter.

Non-equilibrium phenomena in physics are commonly studied using Fokker–
Planck equations (FPEs). In particular, aspects of the non-equilibrium dynamics
of phase transitions can be analyzed via a FPE associated with the master equa-
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tion describing the microscopic dynamics [16,100,101]. This tool has proven very
useful in describing relaxation of metastable states [16], finite-size effects [102],
and the impact of fluctuations in control parameters [103], and has been applied
to mean-field spin models [16, 104] and coupled oscillators [102], among many
others.

If the degrees of freedom of the system can be reduced to a few relevant ones,
a low-dimensional FPE can be found. Although this description is valid for prop-
erties that do not depend on the details of the dynamics (or for mean-field kinet-
ics), many of the conclusions are expected to hold in more general instances.

For a single order parameter m, the FPE for its probability P = P (m, t|m0, 0)
is:

∂tP = [−∂mD1(m) + ∂mmD2(m)]P ≡ LFP (m)P , (6.1)

where the drift and diffusion coefficients are determined by the Hamiltonian and
the particular dynamics (e.g., Glauber or Metropolis).

Following this stochastic approach, we study here the scaling of the short-
time relaxation dynamics in the vicinity of critical and spinodal points.

As a first approximation, the drift coefficient D1(m) (= −dV/dm) is gener-
ically linear near a critical point and quadratic at the spinodal, giving rise to
quadratic and cubic drift potentials V , respectively. Typically in various mod-
els the noise intensity D2(m) scales as ε ∼ 1/N [16, 102]. Thus, although we
present STD for a particular spin model, our results can be extended directly to
more general mean-field models.

6.2 Formal solution of the FPE and moment expansion

The formal solution of the FPE (6.1), for initial condition P (m, 0|m0, 0) = δ(m −
m0), is [105]:

P (m, t|m0, 0) = et LFP (m)δ(m−m0) . (6.2)

The average of an arbitrary quantity Q(m) can be derived directly from the
FPE, via the adjoint Fokker–Planck operator L†FP (m) ≡ D1∂m +D2∂mm:

〈Q〉(m0, t) =

∫
Q(m)P (m, t|m0, 0)dm

= et L
†
FP (m0)Q(m0) =

=
∑
k≥0

[L†FP (m0)]
kQ(m0) t

k/k! . (6.3)
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The first two moments of the order parameter are then:

〈m〉 = m0 +D1t+
1

2
[D1D

′
1 +D2D

′′
1 ]t2 + . . . ,

〈m2〉 = 〈m〉2 + 2D2t+ [2D2D
′
1 +D1D

′
2 +D2D

′′
2 ]t2 + . . . , (6.4)

where D1, D2 and their derivatives are evaluated at m0. Note that if D1 and D2

are state-independent, the expansion is exact to first order.
Alternatively, evolution equations for the moments can be obtained by inte-

grating Eq. (6.1), after multiplying each side by the quantity to be averaged:

d〈mn〉
dt

= n 〈mn−1D1(m)〉+ n(n− 1) 〈mn−2D2(m)〉 . (6.5)

For n = 1:
d〈m〉
dt

= 〈D1(m)〉 . (6.6)

Eqs. (6.5) generally lead to a coupled hierarchy of equations for the moments.
Only for a few special cases (when D1 and D2 are polynomials in m of degree
at most one and two, respectively) do these equations decouple. In general, ap-
proximate methods are needed to solve the dynamics.

6.3 Paradigmatic mean-field model: Curie–Weiss

We develop our STD analysis for a system ofN fully-connected Ising spins (Curie–
Weiss model) subject to a magnetic field H , with Hamiltonian:

H = − J

2N
M2 −HM. (6.7)

Since the Hamiltonian depends only on the total magnetizationM , the master
equation for this model can be written in closed form forM [16,104]. In the large-
N limit, treating the magnetization per spin m = M/N as a continuous variable,
expanding the master equation to first order in the perturbative parameter ε =
1/N leads to a FPE (6.1) for Glauber dynamics with [104]:

D1(m) = −m+ tanh[m′]− εβJm sech2[m′] ,

D2(m) = ε
(
1−m tanh[m′]

)
, (6.8)

where we define m′ = β(Jm+H), with β = 1/(kBT ).
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FIGURE 6.1: Drift potential V (m) for different values of T near Tc (as indicated). V (m)
was obtained (up to an arbitrary additive constant) by integrating D1 from Eqs. (6.8)
(solid black lines), (6.9) (dashed red lines) and (6.10) (dashed grey lines). Inset: zoom of
the region near m = 1.

In what follows we derive asymptotic solutions for the FPE with these coeffi-
cients, both near the critical point (H = 0 and T ≈ Tc = J/kB) and near spinodal
points for T < Tc. We compare analytical results with Monte Carlo simulations
using the Glauber algorithm. Time is made dimensionless with the character-
istic time t0 of the transition rate w = t−10 (1 + exp(β∆H))−1. The time unit in
theoretical expressions corresponds to one MC step in simulations.

6.4 STD near the critical point

In the vicinity of the critical point (at T ' Tc = J/kB ≡ 1 and H = 0), the
coefficients (6.8) can be approximated for small m (i.e., βJ |m| � 1) as:

D1(m) = −ω(λ, ε)m− κ(λ, ε)m3 +O(m5) ,

D2(m) = ε
(
[1− (1− λ)m2] +O(m4)

)
, (6.9)

where ω(λ, ε) ≡ λ+ ε(1− λ) and κ(λ, ε) ≡ (13 − ε)(1− λ)3, with λ ≡ 1− Tc/T .
Within the domain of validity of these approximations, (1 − λ)m2 � 1 and

therefore D2 ' ε. As for D1, the linear term dominates:

D1(m) ' −ω(λ, ε)m, (6.10)
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when
|ω| � κm2 . (6.11)

This implies a parabolic approximation of the drift potential V (m) = −
∫
D1(m) dm.

6.4.1 Ornstein–Uhlenbeck approximation

For linear D1 and constant D2, the exact solution of Eq. (6.1) is [105]:

P (m, t|m0, 0) =
1√

2πσ2(t)
exp

(
− [m−m0 exp(−ω t)]2

2σ2(t)

)
, (6.12)

where σ2(t) = ε[1−exp(−2ωt)]/ω. This solution applies both for ω > 0 (Ornstein–
Uhlenbeck (OU) process) and ω < 0, and is valid as long as the probability dis-
tribution remains a sharp peak, so that inequality (6.11) holds for any m with
non-negligible probability.

Averaging over distribution (6.12) gives:

〈m〉 = m0 exp(−ω t) . (6.13)

For ω > 0 (T/Tc > 1− 1/N ), the mean magnetization decays exponentially with
characteristic time |ω|−1. For ω < 0 (T/Tc < 1− 1/N ), it grows exponentially. At
timescales t� |ω|−1, 〈m〉 ∼ m0 persists.

Since in the large-N limit ω ∼ λ, the magnetization scales as 〈m〉 = m0 F (λt).
This is consistent with Eq. (5.7) with θ = 0 and νz = 1, in agreement with the
mean-field exponents ν = 1/2 and z = 2.

For higher centered moments m(n) ≡ 〈(m− 〈m〉)n〉with n ≥ 2 even:

m(n) =
Γ(n+1

2 )√
π

[2ε ω−1(1− exp[−2ω t])]
n
2 . (6.14)

At short times t� 1/|ω|:
m(n) ∼ [ε t]n/2 . (6.15)

In particular m(2) ∼ t/N , consistent with Eq. (5.10) with β = 1/2 and d = 4 (the
upper critical dimension).

The characteristic timescale for STD behavior is t� τSTD with:

τSTD ≈
1

|λ+ ε| =
N

|1 +N λ| . (6.16)

If |λN | � 1 then τSTD ∼ 1/|λ| � N ; if |λN | � 1 then τSTD ∼ N .
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FIGURE 6.2: First and second moments of the order parameter as a function of time
t, for m0 = 0.01 and different values of T ' Tc = 1. (a) Magnetization: dash-dot lines
correspond to Eq. (6.13) and dashed lines to Eq. (6.17). (b) Second moment: dash-dot lines
correspond to Eq. (6.14). Numerical simulations used Glauber dynamics for N = 8× 105

(colored symbols).
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Fig. 6.2 shows a comparison between numerical simulations and the OU ap-
proximation, Eqs. (6.13) and (6.14), forN = 8×105,m0 = 0.01, and various values
of T ' Tc with |λN | � 1. The OU approximation shows very good agreement
with simulations for timescales up to t ∼ τSTD. Curves are averages over 1000
independent realizations.

6.4.2 Quartic drift potential approximation

When (6.11) does not apply, the cubic contribution to D1 cannot be discarded. As
shown in Appendix A.1, including the cubic correction in the drift coefficient (6.9)
leads, for ε� 1, to:

〈m〉 =
m0e

−ωt√
1 +m2

0κ(1− e−2ωt)/ω
. (6.17)

This solution is exact in the thermodynamic limit ε → 0, as can be verified by
direct integration of the deterministic version of Eq. (6.6) [16]:

d〈m〉
dt

= D1 (〈m〉) . (6.18)

Note that expanding Eq. (6.17) to first order in m0 reproduces Eq. (6.13).
In Fig. 6.2 we also show the performance of Eq. (6.17), which reproduces sim-

ulation results at longer times, predicting the stable state. The saturation level
observed in simulations for T < Tc, lower than predicted by (6.17), is due to fluc-
tuations that carry some trajectories to the negative-magnetization equilibrium
state, while the deterministic equation stabilizes at the nearest local minimum.

At T = Tc (ω = 0), from Eq. (6.17) in the limit ω → 0:

〈m〉 =
m0√

1 + 2m2
0κt

. (6.19)

As shown in Appendix A.1, finite-size corrections do not change the STD scal-
ing of 〈m〉.

For the second moment:

m(2) ≡ 〈m2〉 − 〈m〉2 = 2εt
(1 + z)(1 + 2z + 2z2)

(1 + 2z)3
+O(ε2, εω) , (6.20)

where z ≡ κm2
0t. Up to a typical timescale 1/(2κm2

0), the approximation m(2) '
2εt holds. For κm2

0t � 1, a crossover to a second diffusive regime with a differ-
ent coefficient m(2) ' εt/2 is predicted, though this is typically beyond the STD
region.
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6.4.3 Other initial conditions

To extend the analytical support for STD scaling to other initial conditions, we
analyze the STD behavior when m0 = 1.

As seen in the inset of Fig. 6.1, the cubic approximation is valid even near
m = 1, so expression (6.17) is also expected to hold in this case, as verified in
Fig. 6.3a.

For finite systems, the fluctuation intensity is state-dependent according to
Eq. (6.8), so the finite-size corrections derived under D2 ' ε no longer apply.
However, at very short times we still expectm(2) ∼ 2D2(m0)t according to Eq. (6.4),
as verified by numerical simulations and illustrated in Fig. 6.3b.

From Eq. (6.17), m(t) ∼ t−1/2(1− λt) for t� 1/|λ|, consistent with Eq. (5.13).
The excellent agreement between Eq. (6.17) and simulations confirms our previ-
ous assumptions when |λN | � 1.

6.5 STD near the spinodal

When T < Tc the model has a line of first-order transitions at H = 0 and
metastable stationary solutions for a range of H values (see schematic Fig. 2.7).
Without loss of generality, we restrict ourselves to metastable solutions with pos-
itive magnetization — the analytic continuations of the equilibrium magnetiza-
tion from positive to negative H . Defining h ≡ βH , the metastable state exists
while h > hSP , where the spinodal field is given by:

hSP = −βJmSP +
1

2
ln

1 +mSP

1−mSP

mSP =

√
1− 1

βJ
.

Suppose we start the evolution from the fully ordered state m0 = 1, with
T < Tc and h > hSP , and define ∆m ≡ m−mSP and ∆h ≡ h−hSP . Treating ∆m
as an order parameter, as we shall see in Chapter 7, numerical simulations show
that close to the spinodal (|∆h| � 1), its moments obey the scaling form (5.12)
with τ = ∆h/hSP .

For temperatures sufficiently close to Tc, the spinodal magnetization mSP is
close to 1 and we can expand D1 and D2 in powers of ∆h and ∆m. Near the
spinodal we can also neglect finite-size corrections to D1 [104]. From Eqs. (6.8),
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FIGURE 6.3: First and second moments as a function of t for m0 = 1 and various values
of T ' Tc = 1. (a) Magnetization: dashed lines correspond to Eq. (6.17). (b) Second
moment: solid black lines represent 2D2(m0 = 1)t. Numerical simulations used Glauber
dynamics for N = 8× 105 (colored symbols).
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FIGURE 6.4: Drift potential V (m) for different values of h near hSP (as indicated) at
T = 4/9. Computed (up to a constant) from integrating D1 in Eq. (6.8) (solid red lines)
and in the approximate Eq. (6.21) (dashed black lines).

to first order in ∆h and second order in ∆m:

D1(m) ' ∆h

βJ
− 2mSP∆m∆h − βJmSP (∆m)2 ,

D2(m) ' ε

(
1

βJ
− 2mSP∆m+ (βJ − 2)(∆m)2

−mSP

βJ
∆h+ (2− 3

βJ
)∆m∆h

)
. (6.21)

The moments of ∆m are computed from Eq. (6.3):

〈(∆m)n〉 =
∑
k≥0

[D1∂x +D2∂xx]kxn tk/k! , (6.22)

where x ≡ m0 −mSP .
For n = 1 we can neglect the diffusive term to leading order (ignoring finite-

size effects at short times). Using D1 = −A(x2 + 2Aαx − α) in Eq. (6.22), with
α = ∆h/(βJA) and A ≡ βJmSP , one obtains (see Appendix A.2):

〈∆m〉 =
√
γ
u+ tanh(

√
γAt)

1 + u tanh(
√
γAt)

−Aα , (6.23)
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where u = (x+Aα)/
√
γ and γ = α+A2α2. For α < 0 (γ < 0), Eq. (6.23) becomes:

〈∆m〉 =
√
|γ| u− tan(

√
|γ|At)

1 + u tan(
√
|γ|At)

−Aα . (6.24)

These can also be obtained by integrating Eq. (6.18). As illustrated in Fig. (6.5),
they agree well with numerical simulations. One observes:

(i) For |h| < |hSP | (α > 0): a plateau is reached since the potential has a local
minimum, consistent with simulations (Fig. 6.5).

(ii) For |h| > |hSP | (α < 0): Eq. (6.24) gives a rapid decay reaching zero at finite
t, since the potential is tilted toward the absolute minimum with no local
minimum.

In the limit α→ 0, from Eq. (6.23):

〈∆m〉 =
x

1 +Axt
. (6.25)

At the spinodal we have 〈∆m〉(t) ∼ t−1 for t� 1/Ax, consistently with Eq. (5.13)
with β = 1/2 and νz = 1/2. This behavior corresponds to relaxation toward
the saddle point m = mSP . While in an infinite system this is a stationary point,
finite-size fluctuations destabilize it, with a consequent exponential relaxation to-
ward equilibrium at long times.
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Including the diffusive term in Eq. (6.22) gives finite-size corrections to Eq. (6.25),
computed in Appendix A.2 as Eq. (A.8). For t� 1/Ax:

〈∆m〉 ∼ 1

At

[
1− ε cA2

10
t3 +O(εt2, ε2)

]
. (6.26)

Finite-size effects become relevant only when t ∼ t∗, with:

t∗ =

(
10βJ

εA2

)1/3

=

(
10N

−λ

)1/3

, (6.27)

consistent with the scaling proposed in [3] and verified numerically in Chapter 7:
t∗ ∝ N z/dc , with z = 2 and dc = 6.

For the second moment, Appendix A.2 gives Eq. (A.10), from which ∆m(2) =
〈(∆m)2〉 − (〈∆m〉)2 is obtained via Eq. (A.11). At short times t� 1/Ax:

∆m(2) ∼ 2ε(ax2 + bx+ c) t ' 2D(x) t , (6.28)

consistent with Eq. (6.4). For t� 1/Ax:

∆m(2) ∼ 2εct

5
. (6.29)

The crossover between the two diffusive prefactors is illustrated in Fig. (6.6)
for different values ofm0 at fixed temperature. The short-time prefactor 2D2(m0)
varies with m0 (panel a), while at intermediate times 1/Ax� t < t∗ the prefactor
becomes 2

5εc = 2ε
5βJ independently of m0, as evident on the linear scale (panel b).

In any case, the behavior ∆m(2) ∼ εt up to t ∼ t∗ is consistent with the STD
scaling hypothesis for the mean-field exponent set zν = 2, β = 1/2, dc = 6, and
agrees with simulation results.

6.6 Chapter conclusions

We studied Short-Time Dynamics for finite-size mean-field (infinite-range) sys-
tems with non-conserved order parameter dynamics. Solving the associated Fokker–
Planck equation, we obtained closed-form expressions for the first moments of
the order parameter near both critical and spinodal points. This allowed us to
confirm the STD scaling hypothesis analytically in both cases and to determine
its dynamic range of validity.

In particular, we confirmed analytically — for the first time — the validity
of the STD scaling hypothesis when the system starts from an ordered initial
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state. We also found that the diffusive scaling of the second moment holds for
any initial value of the order parameter, with the diffusion coefficient exhibiting
a crossover between two values at short and intermediate times within the STD
regime.

The scaling of the first moment is governed primarily by the drift poten-
tial V (m) = −

∫
D1(m) dm, and hence by the extended free energy f3(T,H,m),

which has the same extremal structure as [16] V (m). The scaling of higher mo-
ments, on the other hand, originates in the Gaussian character of finite-size fluc-
tuations near singular points. Although our results were obtained for a specific
model, they depend only on the form of V (m) and the proportionalityD2 ∝ 1/N ,
making them of broad applicability to generic mean-field models.
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CHAPTER 7

METASTABILITY
IN THE TWO-DIMENSIONAL
q-STATE POTTS MODEL
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7.1. INTRODUCTION

The problem of the existence of metastability in the thermodynamic limit for
the q-state Potts model is a long-standing and well-known problem in Statistical
Mechanics. In this chapter we address this problem in depth, providing consis-
tent numerical evidence for the existence of metastability from several comple-
mentary perspectives.

The chapter is divided into two parts:
In the first part we show that it is possible to obtain a meaningful definition

of spinodal points from the short-time dynamical behavior of the system, deep
inside its metastable phase, by identifying the point at which it displays critical
dynamical behavior. We demonstrate that the spinodal points obtained by this
method are consistent with the thermodynamic spinodal in mean-field systems
and with the pseudospinodal in short-range systems. This definition allows, in
general, a practical determination of the spinodal point without facing the diffi-
culties of equilibrating the system in the metastable state. In particular, we apply
this technique to obtain spinodal temperatures in the q-state Potts model. These
turn out to differ from the transition temperature for q > 4, defining an allowed
metastability region.

In the second part we reinforce the numerical evidence for the existence of
metastability associated with the first-order phase transition in the Potts model,
based on a criterion proposed by Binder [106]. To this end we implement a novel
high-performance parallel numerical tool based on the use of graphics cards as
computing engines.

As a complement, we investigate the phenomenon of nucleation as the relax-
ation mechanism from a metastable state to the equilibrium state, which shows
certain non-trivial characteristics.

The first and second parts of this chapter are based respectively on a work in
collaboration with Drs. Ernesto Loscar and Tomás Grigera of INIFTA (La Plata)
[Loscar et al., J. Chem. Phys. 131, 024120 (2009)] and on a work in collaboration
with Mr. Juan Pablo De Francesco and Lic. Nicolás Wolovick of FaMAF [Ferrero
et al., submitted to Comp. Phys. Commun. (2011)].

7.1 Introduction

In Chapter 2 we discussed the concepts of thermodynamic spinodal, pseudospin-
odal, and metastability limit. We saw that in mean-field systems the spinodal
point is well defined, while in systems with a finite range of interactions the
phenomenology is more complex. From (meta)equilibrium measurements deep
inside the metastable region, and via extrapolations, it is possible to locate diver-
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gences of quantities such as the susceptibility and the relaxation time, and hence
a pseudospinodal. However, these measurements are not always practical, since
the metastability limit intervenes and equilibrating the system in the metastable
stationary state becomes impossible. We therefore proposed, rather than aban-
doning the idea of a spinodal in finite-range systems, to define it through out-of-
equilibrium properties of the system.

The fundamental hypothesis underlying this study is that a spinodal point
has characteristics analogous to those of a critical point: the growth of response
functions (e.g., susceptibility) and of the relaxation time near a spinodal sug-
gests the existence of a growing correlation length (whether divergent or not).
Consequently, the homogeneity relations associated with critical phenomena are
expected to hold in this situation as well.

It is known, as we have seen, that critical points can be detected by studying
the short-time dynamical behavior of the order parameter and correlation func-
tions [90, 97]. We propose to use the same method to identify a point well inside
the metastability region that behaves, at short times, like a critical point. This
pseudocritical regime (in the sense that it lasts only a finite time) does not neces-
sarily imply the existence of a thermodynamic singularity.

To justify our proposal we show, in a mean-field model where the spinodal
point is perfectly defined and can be computed analytically, that the point iden-
tified by this technique is precisely the thermodynamic spinodal. Defining the
spinodal as the point at which this pseudocritical dynamics occurs, we provide a
meaningful generalization of the concept of spinodal to finite-range systems.

We apply the method to the two-dimensional q-state Potts model [25] with
q > 4, where it yields a meaningful result, identifying lower and upper spin-
odal temperatures T−sp and T+

sp, both distinct from the transition temperature Tt,
thereby providing a bound for the metastability limit. The technique has the
advantage of not requiring equilibrium measurements, which are an essential
prerequisite for determining the pseudospinodal.

Moreover, the spinodal only provides a bound on the metastability limit, and
the question of whether metastability actually exists or not in the Potts model at
infinite size remains controversial. While this phenomenon is clearly observed
in finite systems, its persistence in the thermodynamic limit is still an open prob-
lem [3, 51, 60, 106, 107]. In one of the first works on the topic, Binder proposed a
numerical criterion to determine whether metastability persists in the thermody-
namic limit, based on the finite-size scaling properties of the average energy per
site in the vicinity of the transition temperature [106]. However, a very narrow

73



7.2. USING STD AT SPINODAL POINTS

range of temperatures in the metastable region makes high-precision calculations
necessary for the criterion to work. In particular, to reduce finite-size rounding
and statistical errors below an appropriate level, sufficiently large system sizes
are needed.

To address this problem we implemented a parallel code to perform Monte
Carlo simulations of the Potts model based on the use of GPUs (Graphics Pro-
cessing Units), described in Appendix C. This algorithm allowed us to simulate
systems of up to N = 32768× 32768 ≈ 1.073× 109 sites, with a speedup of up to
155× over an optimized serial CPU implementation.

With this algorithm we obtained positive numerical evidence for the persis-
tence of metastability in the thermodynamic limit for q > 4, in accordance with
the Binder criterion.

7.2 Using Short-Time Dynamics to identify spinodal points

In Chapter 5 we described the application of STD for locating critical points and
their associated exponents. We now apply the STD method detailed in Section 5.2
in the same way, searching for singular behavior in the metastable region of a
first-order phase transition. By tuning the appropriate control parameter (exter-
nal magnetic field or temperature), we search for a value at which the power
laws (5.7), (5.10), and (5.13) hold at short timescales (at very long times the ap-
proach to the corresponding equilibrium phase begins to dominate). This value
of the control parameter can meaningfully be defined as a spinodal point, as we
demonstrate in the cases studied in this section.

7.2.1 STD at spinodal points of systems with long-range interactions

Recalling from Section 2.5.1: we now apply the STD procedure to the Curie–
Weiss model (2.15) near the spinodal point, using ∆m = m − msp as the order
parameter. We consider the process at fixed temperature, using the magnetic field
as the control variable, starting from the ordered state (m = 1). The analogous
procedure to a quench near Tc for a second-order transition is to fix h close to h(−)sp .
To determine h(−)sp , we assume scaling as in Eq. (5.5) with τ = (h− h(−)sp )/h

(−)
sp .

In this test case we can compare the STD-determined spinodal field and mag-
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netization against the exact values from Eqs. (2.17) and (2.18):

m
(−)
sp =

√
1− T

J
, (7.1)

βh
(−)
sp =

1

2
ln

[
1 +m

(−)
sp

1−m(−)
sp

]
− m

(−)
sp J

T
. (7.2)

We simulated the dynamics using a standard Metropolis algorithm on a sys-
tem of N = 1.6 × 106 spins. Starting with all spins up and carrying out n ∼ 103

independent runs recording ∆m and the second moment ∆m(2).

Figure 7.1 shows the short-time behavior of ∆m and ∆m(2) for T = 4
9Tc,

where time is measured in Monte Carlo steps (MCS). From Eqs. (7.1) and (7.2) we
have βh(−)sp ≈ −0.714627 and m(−)

sp ≈ 0.745356.
For both the first and second moments [Eqs. (5.10) and (5.13)], power-law

behavior ∆m ∼ t−x and ∆m(2) ∼ ty is found at h = h
(−)
sp , with exponents x =

0.98± 0.02 and y = 1.03± 0.02 respectively. The power laws are somewhat short
in time (lasting until t ∼ 100 MCS) and both observables deviate at longer times,
but this is a finite-size effect.

Computing the logarithmic derivative of ∆mwith respect to the reduced field
τ by finite differences at h = hsp ± δh with δh = 2× 10−4:

Figure 7.2 shows that the data fit a power law with exponent w = 2.02± 0.02.
Using the scaling relations Eqs. (5.13) and (5.14) and the values of x and w, we
obtain:

β = 0.49± 0.01, (7.3)

and assuming dc = 6, from Eqs. (5.10) and (5.13):

z = 2.01± 0.03, ν = 0.249± 0.004. (7.4)

In this test case, the STD-determined spinodal field and critical exponents are
in excellent agreement with the theoretical results (2.25), (7.1), and (7.2).

We also studied finite-size effects, obtaining an independent estimate of z.
Figure 7.3 shows ∆m at the spinodal for system sizes between N = 1.6× 102

andN = 1.6×106. Defining t∗ as the time when ∆m first departs from the power
law, and using the correlation-length argument t∗ ∝ Nu with u = z/dc, a fit gives
u = 0.34 ± 0.01, yielding z = 2.06 ± 0.06 — in excellent agreement with the
previous estimate.

We conclude from this test that the STD technique correctly identifies spin-
odal (thermodynamic) points, consistent with equilibrium results. We now pro-
ceed to a short-range model.
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FIGURE 7.1: Short-time dynamics of the first and second moments of ∆m for the Curie–
Weiss Ising model at T = 4
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7.2.2 Spinodal points in the short-range Potts model

We consider the q-state Potts model with nearest-neighbor interactions on the
square lattice, with zero-field Hamiltonian (3.12). The 2D Potts model has a
second-order transition for q = 2, 3, 4 and a first-order transition for q > 4. On
the square lattice, Tt(q)/J = 1/ ln(1 +

√
q) exactly.

For q slightly larger than 4, the transition is very weak. As Binder already
noted in 1981 [106], the pseudospinodal temperatures T (+)

sp and T (−)
sp are extremely

close to Tt ([Tt−T (−)
sp ]/Tt . 10−3 for q = 5, 6), making it very difficult to establish

whether the pseudospinodals differ from Tt in the thermodynamic limit.
The order parameter is defined as in Eq. (3.14). We performed Monte Carlo

simulations with Metropolis dynamics on N = L × L square lattices (with L be-
tween 200 and 4000) and periodic boundary conditions, for q = 9, 12, 24, 48, 96,
and 192. The runs are quenches from infinite temperature (random initial config-
uration) to constant T below Tt(q).

Pseudospinodal

For a narrow range of quench temperatures T < Tt, the system becomes trapped
in a high-energy paramagnetic metastable state, where it remains for a random
time, after which it relaxes (relatively quickly) to the ferromagnetic equilibrium
state through a nucleation process (see [108] and Section 7.4).

Figure 7.4 shows a typical energy vs. time curve illustrating the nucleation
process. The nucleation time has a log-normal distribution [108].

To find the pseudospinodal we search for a divergence in the relaxation time
of the metaequilibrium phase. We measure the two-time autocorrelation func-
tion:

C(t1, t2) =
q

q − 1

〈
1

N

N∑
i

δ (σi(t1), σi(t2))−
1

q

〉
, (7.5)

which depends only on the time difference t ≡ t2 − t1 in the (meta)stationary
regime. We define the relaxation time tR as the time at which C(t) falls below a
threshold Cthr, and fit tR(T ) with the power-law-plus-correction form [8]:

tR = A

(
T − T ∗
Tt

)−b [
1 +B

(
T − T ∗
Tt

)c]
. (7.6)

From the fit we consistently obtain T ∗ = (0.95 ± 0.01)Tt for q = 96, indepen-
dent of the correction term used.
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FIGURE 7.4: Energy per spin vs. time for a typical run after a quench from infinite tem-
perature to T = 0.99Tt for q = 24 and L = 200. System images at particular times are
shown; colors encode spin states.
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FIGURE 7.5: Relaxation time vs. T/Tt for L = 1000 and q = 96. The solid line is a fit
using Eq. (7.6). Error bars are smaller than the symbol size. Inset: correlation function
C(t) for temperatures between T = 1.005Tt (left) and T = 0.967Tt (right). The vertical
dashed line marks T = T ∗.
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FIGURE 7.6: Short-time dynamics in a supercooled state at different temperatures for
q = 96 and L = 480. Solid lines: power-law fits at T = 0.950Tt. (a) Order parameter m;
(b) second moment m(2).

Spinodal from STD

We now apply the STD method to locate the spinodal point using the order pa-
rameter (3.14) and its second moment [95], starting from a completely disordered
initial state.

Figure 7.6 shows results for q = 96. A clear power-law growth m ∼ tθ and
m(2) ∼ tω is observed at T = T

(−)
sp = (0.950 ± 0.002)Tt, spanning two decades in

time. The exponents found are small (θ ≈ 0.06 and ω ≈ 0.1).

Unlike the mean-field case, STD results here show no finite-size effects (Fig. 7.7):
curves for L = 480 and 960 are practically indistinguishable, indicating that the
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the Potts model.

spinodal critical regime lasts for a time independent of system size.
The STD-identified spinodal temperature T (−)

sp coincides with the pseudospin-
odal from metaequilibrium measurements. The quasi-instability at T (−)

sp is also
manifest in the specific heat Ch and magnetic susceptibility χT , which grow in a
way compatible with a divergence at T = T

(−)
sp (Figs. 7.8 and 7.9).

FittingCh and χT in the power-law region (T−T (−)
sp )/Tt < 0.15 yields (pseudo)critical

exponents α = 0.61± 0.04 and γ = 0.19± 0.04.

For the upper spinodal, at T = T
(+)
sp > Tt, we start from an ordered initial

state. Figure 7.10 shows a clear power-law of the second moment at T (+)
sp /Tt =

1.06± 0.01 over more than two decades, with exponent y ≈ 0.90.
Repeating the analysis for q = 5, 6, 9, 12, 24, 48, 96, and 192, we find in all cases

that the STD spinodal temperature T (−)
sp is compatible with the pseudospinodal

T ∗ from metaequilibrium measurements.
Figure 7.11 shows the relaxation time as a function of temperature for differ-

ent q. The kinetic spinodal is strongly q-dependent, and T
(−)
sp departs systemati-

cally from Tt as q increases.
Figure 7.12 shows that the data can be well fit by:

(Tt − T (−)
sp )/Tt = A loga(1 + q − 4) , (7.7)

with A = 0.0007 and a = 2.81, in qualitative agreement with the behavior of
the Curie–Weiss–Potts model and the Bethe lattice solution with coordination
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FIGURE 7.13: Energy per spin vs. time for a typical run after a quench from infinite
temperature to T = 0.975Tt for q = 96 and L = 200. System images at particular times
are shown; colors encode spin states. Note the clearly visible appearance of the critical
nucleus when the system escapes from the metastable state and relaxes to equilibrium.

number z = 3, as expected in the large-q limit where the mean-field solution
becomes exact [110].

7.3 Metastability in the Potts model

Metastability in the temperature-driven transition of the 2D Potts model is well
established in finite systems [4, 51, 107]: below but close to Tt the system quickly
relaxes to a disordered (paramagnetic) metastable state with a finite lifetime that
diverges as the quench temperature T approaches Tt [108].

In Fig. 7.4 for q = 24 and T = 0.99Tt, the metastability plateau extends over
about three decades (102 to 105 MCS). For q = 96 and T = 0.975Tt (Fig. 7.13), the
plateau extends over an additional order of magnitude (∼ 106 MCS), consistent
with the fact that for q →∞ (where the mean-field treatment becomes exact) the
metastable lifetime is infinite.
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FIGURE 7.14: Energy per spin vs. temperature for various sweep rates R for q = 9 in a
N = 20482 system. Curves were obtained with the GPU algorithm.

7.3.1 Hysteresis

Figure 7.14 shows hysteresis cycles with temperature for q = 9 in an N = 20482

system (Tt(q = 9) = 0.72134 . . .). The hysteresis loop area decreases as R de-
creases (slower sweep), but even for rates as small as R = 10−9 and sizes as large
as N = 20482, the area remains finite. This constitutes strong evidence of the
presence of metastable states, in a narrow temperature window around Tt con-
sistent with our STD estimate of the spinodal distance (Tt − T (−)

sp )/Tt ≈ 0.0035
for q = 9.

7.3.2 The Binder criterion and the two possible scenarios

In Ref. [106] Binder studied the static and dynamic behavior of model (3.12) for
q = 3, 4, 5, 6. His analysis could not distinguish between two possible scenarios
for the transition at q ≥ 5 due to finite-size effects, illustrated in Fig. 7.15. In
scenario A, the energy per spin reaches the transition temperature with a finite
slope from both sides, projecting metastable branches to both sides of the transi-
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FIGURE 7.15: Schematic of the energy vs. temperature behavior for the case of pseudo-
spinodal singularities (A) and for a true divergence of the specific heat at the first-order
transition (B). (Adapted from [106]).

tion that end at temperatures T+
sp and T−sp both distinct from Tt. In scenario B, the

energy approaches Tt with an infinite slope, implying a true divergence at Tt.

7.3.3 Response to Binder’s question about the existence of metastabil-
ity

Based on the Binder criterion, we analyze the existence of metastability for q > 4
as we increase system size, using the GPU algorithm of Appendix C.

We compute the energy per spin above and below the transition, cooling
(heating) from a disordered (ordered) initial state. Figure 7.16 shows equilib-
rium energy and magnetization for different q; for sufficiently large q the energy
branches reach the transition temperature from both sides with a finite slope.

A power-law divergence of the specific heat at Tt would imply:

eT<Tt = eo −A−(1− T/Tt)1−α− , (7.8)
eT>Tt = ed −A+(1− Tt/T )1−α+ , (7.9)

with 0 < α−, α+ < 1. If instead metastable states exist with spinodals T±sp dis-
tinct from Tt, the energy would show a crossover to slope ≈ 1 (α± ≈ 0) as one
approaches Tt — and this crossover should persist as L increases.

Figures 7.17 and 7.18 show the equilibrium energy curves above and below
Tt. In both figures a crossover in the slope is observed as one approaches Tt for
all values of q.

Sufficiently close to Tt, the curves for q = 9, 15, 96 show exponents (1 − α±)
indistinguishable from 1 (α± = 0), persistently as L grows (see inset of Fig. 7.17).
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This is consistent with divergences at spinodal temperatures distinct from Tt, at
least for q ≥ 9, and constitutes strong evidence for the existence of metastability.

The crossover occurs at temperatures consistent with our STD estimates: the
vertical dashed lines in Fig. 7.17 correspond to T = Tt + ∆T (q) predicted by
Eq. (7.7), in close agreement with the observed crossover points for all q.

Our results for q = 6 are not conclusive; statistical fluctuations at the required
temperature resolution (∆T/Tt ≤ 10−4) are too large for a definitive determina-
tion. Larger systems and/or more samples would be needed. We cannot exclude
the existence of a critical value 4 < q∗ ≤ 9 below which metastability disappears.

7.4 Relaxation from the metastable state: nucleation

As discussed in [108] and illustrated in Figs. 7.4 and 7.13, the mechanism by
which the system relaxes from the metastable state to equilibrium is nucleation
(Section 4.1.4).

Figure 7.19 shows spatial correlations for q = 24 and L = 200 at various
times during the relaxation after a quench to T = 0.987Tt. Just before nucle-
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FIGURE 7.19: Spatial correlations as a function of distance for L = 200, q = 24, taken
during relaxation after a quench to T = 0.987Tt. Curves correspond to different times
between t = 1000 and t = 30000. Right inset: same curves on a log-log scale; dashed
green line: power-law fit at t0 = 18000. Left inset: energy relaxation vs. time; vertical
dashed line at t0 = 18000. Averages over 20 samples.

ation occurs, at time t0 = 18000 MCS (left inset shows the energy drop at this
time), the spatial correlations already display a power-law decay over more than
a decade in distance (right inset). This suggests that spatial correlations begin to
grow before the critical nucleus appears, constituting a strong “precursor effect”
for nucleation.

To test this hypothesis more directly we performed simulations starting from
a nearly disordered initial configuration in which a single ferromagnetic droplet
of radius R0 has been artificially planted.

According to Classical Nucleation Theory, the droplet should either shrink
and dissolve (if R0 < Rc) or grow immediately and fill the system (if R0 > Rc).
Contrary to this expectation, for intermediate R0 we observe that the droplet
neither vanishes immediately nor grows at once; instead, it persists for a time
comparable to the nucleation time from a random initial state before eventually
growing. Figure 7.20 illustrates this for R0 = 9, q = 96, and L = 200, showing the
bimodal distribution of relaxation times.

We define a crossover radius R∗ such that droplets with R0 < R∗ follow case
(a) (the droplet disappears) and those with R0 > R∗ follow case (b) (the droplet
eventually grows). For q = 96, L = 100 and 200, we find the crossover region
7 ≤ R∗ ≤ 10.

These results suggest that what triggers relaxation from the metastable state
is not simply the presence of a supercritical droplet, but rather the development
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FIGURE 7.20: Relaxation for q = 96, L = 200 at T = 0.975Tt from a disordered initial
state with an ordered droplet of radius R0 = 9. Different curves correspond to differ-
ent thermal noise realizations; snapshots at various times are shown with spin states
encoded by color.
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of spatial correlations in the system reaching a level at which the growth of an
ordered droplet becomes favorable. A systematic study of this phenomenon’s
dependence on q, T , and L remains to be done.

7.5 Chapter conclusions

• We demonstrated that STD provides a meaningful and practically useful
definition of spinodal points for both mean-field and short-range systems,
identifying the temperature at which the system exhibits critical-like short-
time dynamical behavior.

• The spinodal temperatures T (±)
SP are distinct from Tt for all q > 4, delimiting

a genuine metastability interval that survives in the thermodynamic limit.

• GPU-accelerated Monte Carlo simulations provide direct numerical evi-
dence for the persistence of metastability in the thermodynamic limit, re-
solving a long-standing controversy in the literature.

• The relaxation from the metastable state proceeds via nucleation, with pre-
liminary evidence for a collective precursor mechanism: spatial correlations
grow before the critical nucleus appears, pointing toward a self-organized
nucleation process rather than the purely random single-droplet picture of
standard Classical Nucleation Theory.

The STD approach to spinodals has practical advantages beyond conceptual
clarity: it avoids equilibration difficulties and may be applicable to systems with
very slow dynamics (such as glass-forming liquids) where metaequilibrium mea-
surements are out of reach. Our definition does not imply a thermodynamic sin-
gularity at the spinodal — it is fundamentally a dynamical definition.
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CHAPTER 8

RELAXATION
AT LOW TEMPERATURES
IN THE TWO-DIMENSIONAL
q-STATE POTTS MODEL
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8.1. INTRODUCTION

We now study the non-equilibrium dynamics of the q-state Potts model on
the square lattice, after a quench to temperatures below the transition temper-
ature. Using a Continuous-Time Monte Carlo algorithm, we analyze the long-
time behavior of the energy and the relaxation time over a wide range of quench
temperatures and system sizes. For q > 4 we find the existence of distinct dy-
namical regimes depending on the quench temperature range. At low (but finite)
temperatures and very long times, Lifshitz–Allen–Cahn-type domain growth is
interrupted with finite probability when the system becomes trapped in highly
symmetric non-equilibrium metastable states1 that induce thermally activated
domain growth, in agreement with an old prediction of Lifshitz [77]. At even
lower temperatures, the system always becomes trapped at early times in highly
disordered metastable states with a finite lifetime, which have been identified as
glassy states. We analyze in detail the finite-size scaling properties of the various
relaxation times involved, as well as their temperature dependence.

This chapter is based primarily on [4]. Toward the end, a result related to the
very-low-temperature state is part of a work in collaboration with Mr. Miguel
Ibáñez de Berganza and Drs. Vittorio Loreto and Alberto Petri (Università di
Roma, Italy) [Ibáñez de Berganza et al., Eur. Phys. J. Special Topics 143, 273 (2007)].

8.1 Introduction

The problem of domain-growth kinetics in systems with degenerate ground states
has attracted much attention [47,48,77,111–115]. In the early works on the subject,
Lifshitz [77] and later Safran [111] opened the discussion about the effects of ac-
tivated processes in domain growth. They suggested that d-dimensional systems
with q-fold ground-state degeneracy could become trapped in local metastable
states for q ≥ d+ 1, which would appreciably slow the relaxation kinetics. Their
argument (in two dimensions) is that a honeycomb domain structure is stable
against small interface distortions since such distortions do not increase the in-
terfacial free energy. Large distortions produced by fluctuations are therefore
needed to move the interfaces, making domain growth an activated process.
The prototype of a system with these characteristics is precisely the q-state Potts
model (in the absence of an external field) with Hamiltonian (3.12).

Sahni et al. [112, 113] performed Monte Carlo simulations with Glauber dy-
namics for q up to 64 on square and triangular lattices of up to N = 2002 sites
and timescales of order 104 MCS. On the square lattice they found evidence of

1in the purely kinetic sense, see Section 2.3.2
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metastable configurations composed of squares of different colors (i.e., different
spin values) that freeze the dynamics at T = 0.

Viñals and Grant [47] obtained similar results on the square lattice and pos-
tulated that frozen configurations only dominated effectively at T = 0, and that
growth at finite temperatures was not limited by activated processes. For suf-
ficiently long times, the characteristic domain size should therefore follow the
Lifshitz–Allen–Cahn (LAC) law `(t) ∼ t1/2.

This appears to be the case for the triangular lattice, for which Grest et al. [48]
reported MC results with N = 10002 sites up to 104 MCS, consistent with LAC
behavior for any q. However, the timescales considered in those works are too
short to exclude activated processes of the type predicted by Lifshitz [77] and
Safran [111].

More recent work [116–118] on the frozen configurations found on the square
lattice showed that the system becomes trapped in those states at timescales
larger than 104 MCS. Trapping also occurs at low but finite temperatures [119],
but in that case the metastable states have a finite lifetime that increases with q.
Those works also show that the nature of the highly disordered metastable states
is more akin to a glassy state [116–119] than to the configurations predicted by
Lifshitz and Safran. We will refer to these as glassy states throughout.

We focus primarily on the case q = 9 (on the square lattice withN = L×L sites
and periodic boundary conditions). Some complementary results are presented
for other values of q. The implementation of a Continuous-Time (“n-fold way”)
Monte Carlo algorithm [120, 121] allowed us to analyze systems up to L = 500
and timescales of 109 to 1014 MCS with good statistics (see Appendix B).

The main results of this chapter can be summarized as follows: after a quench
from infinite temperature to T < Tt, we identify different dynamical relaxation
regimes depending on the quench temperature range.

There is a characteristic temperature T † < Tt such that for T † < T < Tt
simple coarsening dominates the relaxation (following the LAC law even at long
times), except very close to Tc where nucleation effects appear (as discussed in
the previous chapter).

For T < T † we find that, at large timescales (much larger than those consid-
ered in previous works), LAC relaxation is interrupted when the system becomes
trapped in highly symmetric metastable blocked states with finite probability;
i.e., for a significant fraction of thermal-noise realizations that does not decrease
as system size increases.

We find two distinct types of blocked states: stripe states, composed of two
macroscopic ferromagnetic domains separated by flat walls parallel to the coordi-
nate axes; and honeycomb-like (Lifshitz) structures, composed of irregular hexag-
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8.2. RELAXATION IN THE POTTS MODEL

onal polygons of different colors. Stripe states have been previously observed in
the Ising model (q = 2) at T = 0 [86, 122–125]. For q ≥ 3 at T = 0 the probability
of reaching a stripe state vanishes in the thermodynamic limit [86]; at low but
finite temperatures it becomes finite.

We also study the inhomogeneous LAC growth at T = 0 and its behavior at
low finite temperatures, as observed in [119] for q = 7.

8.2 Relaxation in the Potts model

We study the evolution under model-A dynamics (non-conserved order param-
eter) of the system described by Hamiltonian (3.12), after a quench from infi-
nite temperature (completely random initial configuration) to temperatures be-
low the critical temperature. Most analyses concentrate on q = 9, for which
Tt = 0.721347 . . . from Eq. (3.15). Complementary calculations were performed
for q = 2, 3, 4, 5, 15, 20, 30, and 48.

We focus primarily on two quantities: the average energy per spin e(t) ≡
〈H(t)〉/N as a function of t, and the equilibration time τ , defined as the time at
which the instantaneous energy falls below a threshold chosen as the equilibrium
energy plus one standard deviation.

For comparison at different temperatures we introduce the normalized en-
ergy relaxation function (or normalized excess energy):

φE(t) ≡ e(t)− e(∞)

e(0)− e(∞)
(8.1)

where e(∞) is the equilibrium energy.
Figure 8.1 shows the typical behavior of φE(t) for L = 300 and temperatures

between 0.72 and 0.5 (Tt = 0.721347 . . .). For temperatures sufficiently close to Tt
(0.715 < T < Tt) the system clearly halts in a high-energy metastable state (dis-
ordered paramagnetic), related to the first-order nature of the transition, which
according to our numerical evidence persists in the thermodynamic limit. In the
non-equilibrium dynamics, this metastable state manifests as a plateau in the en-
ergy vs. time curves, lasting for a period that can span several decades depending
on T and q, after which the system relaxes via nucleation.

For temperatures T < 0.715, the metastability plateau disappears and the
relaxation function decays (after a short transient) as φE(t) ∼ t−1/2 for all tem-
peratures. Since the excess energy relative to equilibrium in a domain-growth
process is given by the average energy of domain walls, φE(t) ∼ 1/`(t), so this
behavior is consistent with the Lifshitz–Allen–Cahn law (Eq. 4.6 with n = 1/2).
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FIGURE 8.1: Relaxation function φE(t) for L = 300, q = 9, and temperatures between
T = 0.5 (bottom) and T = 0.72 (top).

8.2.1 Relaxation at intermediate temperatures and blocked states:
characterization and scaling

Figure 8.2 shows the typical behavior of P (τ) for L = 100 and different tempera-
ture ranges, already showing the distinct dynamical regimes:

Sufficiently close to Tt (T = 0.719), P (τ) exhibits a well-defined peak centered
at τnucl ∼ 105 MCS, associated with the nucleation relaxation mechanism.

When the temperature drops below a characteristic temperature2 Tn with
0.715 < Tn < Tt, this peak is suddenly replaced by another centered at a charac-
teristic value τ1, about an order of magnitude smaller than τnucl, which remains
nearly temperature-independent over 0.3 < T < 0.715. Below Tn, P (τ) develops
a long tail to the right; this tail becomes a distinct second peak centered at a new
characteristic time τ2, for temperatures T < T † ≈ 0.6. This second peak grows
exponentially as the temperature decreases.

Figure 8.3 summarizes the temperature behavior of τ1 and τ2 on a log-vs.-1/T
(Arrhenius) plot. We show that τ1 is associated with simple coarsening following
the LAC law at all times, while τ2 is associated with processes in which the system
becomes trapped in stripe metastable states (Fig. 8.4).

At finite temperature, domain walls in stripe states undergo random motion
perpendicular to the walls. In a finite system, these states relax to equilibrium
when both walls collapse. Spirin et al. [123] showed that the basic mechanism

2Tn represents the metastability limit (kinetic spinodal); it is bounded by T
(−)
sp but not necessar-

ily equal to it.
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FIGURE 8.2: Probability distribution of the equilibration time P (τ) for L = 100 and
q = 9. (a) Temperatures from T = 0.4 (top) to T = 0.719 (bottom); (b) temperatures from
T = 0.3 (left) to T = 0.09 (right).
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FIGURE 8.3: Characteristic relaxation times τ1 and τ2 vs. 1/T for L = 100 and q = 9; the
same qualitative behaviors are observed for other system sizes. Solid lines are guides to
the eye.

FIGURE 8.4: Energy per spin vs. time and typical configurations in a single stochastic
realization when the system becomes trapped in a stripe configuration (L = 200, q = 9,
and T = 0.2). Different colors encode different spin values si = 1, . . . , 9.
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FIGURE 8.5: Relaxation of a stripe state at low but finite temperature. (left) nucleation of
a tooth, energy cost ∆E = 2; (center) diffusive growth of the tooth at zero energy cost;
(right) the tooth spans the system, the wall advances one step. Adapted from [86].

for parallel motion of a flat domain wall is the creation of a “tooth” (the flip of a
neighboring spin), with an energy cost of 2J (4 in Ising convention). For q > 2,
any other flip (including to a third color) costs more energy. Once the stripe state
is reached, the relaxation time is therefore basically independent of q, consistent
with the Arrhenius behavior τ2 ∼ e2/T in Fig. 8.3.

From Fig. 8.3 we also note that over a wide temperature range T < Tn (roughly
down to T ≈ 0.2), τ1 remains practically temperature-independent, consistent
with ordinary coarsening. At lower temperatures a crossover to activated behav-
ior appears, analyzed below.

Figure 8.6 shows P (τ) for different system sizes at T = 0.2. The double-peak
structure survives in the large-L limit, with the ratio of areas under the two peaks
becoming constant.

From Fig. 8.7 we see that τ1 ∼ L2 over a wide range of temperatures and
sizes, consistent with the LAC law. As temperature decreases, the L2 scaling
breaks down due to the onset of activated processes.

The scaling of τ2 with L is τ2 ∼ Lωe2/T (consistent with the Spirin et al. analy-
sis for stripe states), with ω varying between 2 and 4 depending on temperature,
making τ2 many orders of magnitude larger than τ1 for large systems.

Careful inspection of individual processes in P (τ) shows that the broad right
peak is associated with two different types of metastable configurations: the
stripe states (already described) and honeycomb-like structures (the inset of Fig. 8.10).
The latter are composed of macroscopic polygonal domains of different colors
with six irregular sides, with angles at triple junctions fluctuating around 120◦.
These states agree with a prediction of Lifshitz [77] for q ≥ 3; we call them Lifshitz
states.

By computing the equilibration time distribution starting directly from Lif-
shitz and stripe configurations, we verify (Fig. 8.10) that the broad peak is indeed
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FIGURE 8.8: Energy per spin vs. time and typical configurations in a single realization
where the system is trapped in a Lifshitz state and, upon escaping, becomes trapped
again in a stripe state (L = 300, q = 9, T = 0.3). Different colors encode different spin
values.

FIGURE 8.9: Energy per spin vs. time and typical configurations in a single realization
when the system is trapped in the glassy state and, upon escaping, becomes trapped in
a stripe state (L = 200, q = 9, T = 0.09). The inset shows a zoom of the glassy plateau.
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FIGURE 8.10: Probability distribution P (τ) starting from different initial configurations,
for L = 300, T = 0.2, q = 9 (arbitrary normalization). Inset: typical blocked-state snap-
shots at the corresponding times.
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FIGURE 8.11: Characteristic relaxation time τ3 vs. temperature for q = 9 and L = 100;
dashed line is a guide to the eye.

a superposition of two peaks: τ2 for stripe states and τ3 for Lifshitz states. Lifshitz
states are only detectable for L ≥ 100.

Figure 8.11 shows τ3(T ) with a clear Arrhenius behavior and an activation
barrier of 1 (one energy unit, the minimum possible spin-flip barrier). This can
be understood from the basic relaxation mechanism of Lifshitz states: the motion
of a vertex through the “tooth” mechanism begins with the flip of a neighboring
spin at energy cost 1J (versus 2J for a flat domain wall), after which the tooth
can propagate along the three converging walls at zero energy cost. The expected
scaling is τ3 ∼ Lωe1/T .

8.2.2 Probability of blocked states

We analyze the trapping probability Pb(q), defined as the probability of reaching
a blocked state (one characterized by flat walls between different domains; for
q ≥ 3 this includes Lifshitz and stripe states).

Figure 8.13 shows results for q = 9. At T > 0, Pb(9) saturates at a finite value
for L ≥ 100, indicating a finite probability in the limit L → ∞. This probability
goes to zero as T → 0, consistent with Spirin et al. [86].

Figure 8.14 shows Pb(q) as a function of q for T = 0.15. For q ≥ 3, Pb(q) falls
below a temperature-dependent finite value that is practically independent of q
and less than half of Pb(2).
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FIGURE 8.12: Basic relaxation mechanism of a Lifshitz state at low temperature. Circle in
(b) highlights the creation of a tooth at the vertex in (a), flipping spin 2→ 3. Circles in (c)
and (d) mark spins that can flip at zero energy cost along the three converging walls. The
complete process leads to a jump of the whole structure and ultimately to the collapse of
two vertices.
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FIGURE 8.13: Trapping probability Pb(q) for q = 9: (a) as a function of L for different
temperatures; (b) as a function of T for different sizes. Dashed lines are linear fits for
L = 200, giving an extrapolated value of 0.008± 0.01 at T = 0.
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FIGURE 8.14: Trapping probability Pb(q) for L = 200 and T = 0.15.

8.2.3 Relaxation at low temperatures: glassy state

The increase of τ1 for T < 0.2 observed in Fig. 8.3 indicates that ordinary coars-
ening is affected by activated processes. This is associated with the plateau that
appears in the relaxation function for T < Tg (Fig. 8.15), where 0.1 < Tg < 0.2
for q = 9. The plateau corresponds to a disordered metastable state — the
glassy state — with nearly square domains of wide size distribution (see snap-
shots in Fig. 8.9 or inset in Fig. 8.16). This state has been identified as a glassy
state [116–118] and only exists for [119] q > 4.

Figure 8.16 shows the relaxation function for q = 9, T = 0.1, and different sys-
tem sizes. The relaxation time τ1 does not depend on size for L > 200, showing
that the glassy state lifetime remains finite in the thermodynamic limit.

Once the system relaxes from the glassy state it may either equilibrate directly
or become trapped again in a blocked state (Fig. 8.9).

Relaxation law for the glassy state

At T = 0 the system converges asymptotically to a disordered stationary phase
(the glassy phase) with excess energy ∆e∗(q) above the ground state for all q > 4.
The works that first analyzed this phase [116,117,119] proposed that the ordering
dynamics at T = 0, after a brief initial period, can be described by a power-law
excess energy:

∆e(t, q) = ∆e∗(q) + a(q)t−1/2. (8.2)
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FIGURE 8.16: Relaxation function for q = 9, T = 0.1, and differentL values. Inset: typical
configuration of the glassy state associated with the plateau.
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FIGURE 8.17: Normalized energy excess φE vs. time for q = 3, 9, 20, 48 (increasing en-
ergy order). Upper inset: ∆e vs. t−1/2 and fit with the inhomogeneous LAC law, Eq. (8.3).
Lower inset: fit results φ∗E(q) (circles), and the function b(q− 4)1/2 with b = 0.034, consis-
tent with the zero-temperature result of [118] (line).

Since the energy excess is proportional to the interface perimeter, φE ∼ `−1, this
implies that domains do not grow indefinitely but that the characteristic size `
converges to a finite limit `∗(q). Writing equivalently:

φE(t, q) = φ∗E(q) + c(q)t−1/2. (8.3)

Ibañez de Berganza et al. [119] observed for q = 7 at T = 0.1 that the inho-
mogeneous Allen–Cahn law (8.2) (valid at T = 0) holds with the same functions
e∗(q) and a(q), but only until an escape time τe(T, q), after which LAC growth
resumes and the system equilibrates.

Figure 8.17 shows this phenomenology for q = 3, 9, 20, 48 after a quench to
T = 0.1. The case q = 3 exhibits a pure power law with φ∗E(q = 3) = 0. For
q > 4, φ∗E(q) > 0 and grows with q, following φ∗E(q) = b(q − 4)1/2 with b =
0.034 (consistent with [118]). The escape time τe(T, q) also grows with q. For
large q (e.g., q = 48) the coefficient c(q) is so small that the energy is practically
constant in the interval τi(q) < t < τe(q), suggesting the validity of the power-law
form (8.3) would break down in the large-q limit.

De Oliveira [126] proposed a generalization of (8.2) for finite temperature,
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8.3. CHAPTER CONCLUSIONS

FIGURE 8.18: Probability distribution P (τ) for q = 9, L = 200, T = 0.2, with periodic
(p.b.c.) and open (o.b.c.) boundary conditions. Inset images show typical blocked-state
configurations with o.b.c.

valid for the glassy relaxation regime T < Tg:

∆e(t) =
b√
λcot

+
b√

λact+ 1
(8.4)

where λco and λac (for coarsening and activation) are T -dependent parameters, and
b is a constant. At low finite temperatures λac = e1/kT /T . This expression fits the
curves of Figs. 8.15 and 8.17 acceptably.

8.2.4 Boundary conditions

Finally, we analyze the influence of boundary conditions. Repeating some cal-
culations with open boundary conditions, we find that the complete relaxation
scenario found with periodic boundary conditions is reproduced qualitatively.
The relaxation times associated with stripe states are of the same order of magni-
tude. The Lifshitz states with open boundary conditions no longer consist purely
of hexagons for relatively small sizes (due to the boundary effects), but we can
clearly see the stable three-color vertices.
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CHAPTER 8. RELAXATION IN THE POTTS MODEL

FIGURE 8.19: Dynamical regimes in the long-time relaxation of the q-state Potts model
with q > 4 after a quench from infinite temperature to subcritical temperatures T .

8.3 Chapter conclusions

The main conclusion of this chapter is summarized in the schematic of Fig. 8.19.
After a quench from infinite temperature to subcritical temperatures, the Potts
model with spin-flip dynamics and q > 4 exhibits distinct relaxation regimes,
determined by different characteristic crossover temperatures:

1. High temperatures (T † < T < Tt): simple LAC coarsening dominates,
`(t) ∼ t1/2, leading to equilibrium for most realizations (except near Tt
where nucleation effects appear).

2. Intermediate temperatures (Tg < T < T †): LAC coarsening is interrupted
with finite probability by trapping in highly symmetric blocked states (stripe
and Lifshitz configurations). Subsequent relaxation is thermally activated,
with Arrhenius timescales τ2 ∼ e2/T (stripe) and τ3 ∼ e1/T (Lifshitz) much
larger than those of ordinary coarsening.

3. Low temperatures (T < Tg): the system is always trapped at early times in
glassy states — highly disordered metastable configurations with a finite,
size-independent lifetime that diverges as T → 0.

This three-regime picture directly refutes the simple two-scenario (nucleation
or coarsening) picture prevalent in the literature, demonstrating that the dynam-
ics of systems with degenerate ground states is significantly richer. The charac-
teristic temperatures T † and Tg, the trapping probabilities, and the various relax-
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ation timescales all exhibit systematic dependence on q, with dynamical frustra-
tion growing stronger with increasing q. These findings have direct implications
for the modeling of physical systems (grain growth in materials, soap foam dy-
namics, biological cell dynamics) based on the q-state Potts model.

Temperature has a dual role in the relaxation through blocked states: at short
timescales it increases the probability of reaching those states (which is zero at
T = 0), and at long timescales it allows the system to escape from them via
activated processes.

The Lifshitz prediction [77] is confirmed in the q-state Potts model for q ≥ 3
on the square lattice, provided the system size is sufficiently large. The finite-size
effect is strong (large systems are needed to eliminate the influence of the square
lattice symmetry) and one would expect it to be smaller on a lattice with 3-fold
symmetry (e.g., triangular).

Additional material for this chapter (videos of numerical simulations) can be
found at [127].

112



Part III

Conclusions

113





CHAPTER 9

CONCLUSIONS

115



The overarching aim of this thesis was to study relaxation in systems exhibit-
ing first-order phase transitions and related phenomena (e.g., spinodal points),
using the q-state Potts model as a paradigmatic and tractable framework.

One of the most important techniques employed was Short-Time Dynamics
(STD), which rests on a dynamical extension of the static scaling hypothesis. Al-
though the generalized STD scaling hypothesis had been corroborated numer-
ically in many cases, it had not previously been validated analytically. To bet-
ter understand the technique, we sought analytical solutions for the particular
case of the Curie–Weiss model, which also exhibits a first-order transition (field-
driven).

STD in mean-field models

Solving the associated Fokker–Planck equation, we obtained closed-form expres-
sions for the first moments of the order parameter near both critical and spinodal
points. This allowed us to confirm the STD scaling hypothesis analytically in both
cases and to determine its domain of validity. In particular, we confirmed ana-
lytically — for the first time — the validity of the STD scaling hypothesis when
the system starts from an ordered initial state. We also found that the diffusive
scaling of the second moment holds for any initial value of the order parameter,
with the diffusion coefficient exhibiting a crossover between two values at short
and intermediate times within the STD regime.

The scaling of the first moment is governed primarily by the drift potential
V (m) = −

∫
D1(m) dm and hence by the extended free energy f3(T,H,m), which

has the same extremal structure as V (m). The scaling of higher moments, on the
other hand, originates in the Gaussian character of finite-size fluctuations near
singular points.

Although our results were obtained for a specific mean-field model, they de-
pend only on the form of V (m) and the proportionality D2 ∝ 1/N , making them
of broad applicability to generic mean-field models.

Spinodal points in the Potts model

We demonstrated that spinodal points can be defined from the STD behavior
of short-range systems. The STD method detects a point in the phase diagram
where the dynamics is critical (at least for a finite time). In mean-field systems
this coincides with the thermodynamic spinodal (defined as the zero of the sec-
ond derivative of the extended free energy); in finite-dimensional systems it pro-
vides a definition of the spinodal at a point where metaequilibrium measure-
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ments are impossible (beyond the kinetic spinodal). For the 2D Potts model this
dynamically defined spinodal coincides with the pseudospinodal obtained from
extrapolations of metaequilibrium relaxation times, and our results are consistent
with the scaling behavior expected of a growing correlation length.

For all q > 4, the STD method yields spinodal temperatures T (±)
SP that are

distinct from Tt, even in the thermodynamic limit. The apparent convergence of
spinodal and transition temperatures for small q near the second-order boundary
(q = 4) is thus attributable to the extreme weakness of the transition, not to the
absence of a spinodal.

The STD approach to spinodals has practical advantages beyond conceptual
clarity: it avoids equilibration difficulties and may be applicable to systems with
very slow dynamics (such as glass-forming liquids) where metaequilibrium mea-
surements are out of reach. We stress that our definition does not imply a ther-
modynamic singularity at the spinodal — it is fundamentally a dynamical defi-
nition, and in that sense is most accurately compared to the pseudospinodal, but
determined in a way that avoids the pitfalls of equilibration and extrapolation.

Metastability and GPU simulations

To investigate metastability in the Potts model further, we implemented a highly
optimized parallel GPU-based Monte Carlo algorithm. Using this algorithm, we
simulated systems of up to ∼ 109 spins with a speedup of up to 155× over an
optimized serial implementation, enabling us to apply the Binder criterion with
high precision. Our results provide positive numerical evidence for the persis-
tence of metastability in the thermodynamic limit for q ≥ 9, consistent with the
spinodal temperatures obtained from STD. For q = 6 the evidence is suggestive
but not conclusive; we cannot exclude a critical value 4 < q∗ ≤ 9 below which
metastability disappears.

Regarding nucleation from the metastable state, we observe phenomena not
fully captured by Classical Nucleation Theory. In general (except for very large q
or very near Tt), spatial correlations begin to grow before the critical nucleus ap-
pears, leading to a collective, self-organized precursor mechanism. A systematic
study exploring the full parameter space remains to be done.

Low-temperature relaxation dynamics

Finally, we conducted a systematic study of the low-temperature relaxation dy-
namics of the q-state Potts model after a quench to subcritical temperatures. The

117



main conclusions are encapsulated in the following picture of distinct dynamical
regimes for q>4:

• For Tn < T < Tt (near the transition): relaxation dominated by nucleation.

• For T ∗ < T < Tn (intermediate): Lifshitz–Allen–Cahn coarsening, L(t) ∼
t1/2, leading to equilibrium for most realizations.

• For Tg < T < T ∗ (low temperatures): LAC coarsening is interrupted with
finite probability by trapping in highly symmetric blocked states — stripe
configurations and honeycomb (Lifshitz) configurations. Subsequent relax-
ation is thermally activated, with Arrhenius timescales much larger than
those of ordinary coarsening.

• For T < Tg (very low temperatures): the system is always trapped at early
times in disordered glassy states with a finite, size-independent lifetime
that diverges as T → 0.

This multi-regime picture definitively replaces the simple two-scenario (nu-
cleation or coarsening) picture prevalent in earlier literature. The dynamical frus-
tration — induced by the high degeneracy of the Potts ground state and growing
with q — generates a rich hierarchy of timescales and dynamical states in a sim-
ple ferromagnetic model, without any explicit disorder or competing interactions
in the Hamiltonian. We believe that such dynamically emergent collective effects
may be relevant to other spin models where complex phenomenology is com-
monly attributed to model-specific ingredients (imperfections, vacancies, com-
peting couplings).

Technical contributions

On the technical side, our GPU-based Monte Carlo implementation demonstrated
that graphics cards can serve as highly effective accelerators for Statistical Me-
chanics simulations, achieving an average spin-flip time of 0.147 ns and enabling
simulation of ∼109 spins with an average MCS time of ∼0.15 s. The CUDA code
is available for download under the GNU GPL 3.0 license. While the implemen-
tation was designed for a 2D nearest-neighbor model with a checkerboard update
scheme, extension to 3D and/or longer-range interactions is straightforward.
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A.1. QUARTIC POTENTIAL APPROXIMATION NEAR THE CRITICAL POINT

This appendix provides detailed calculations that complement Chapter 6.

A.1 Quartic potential approximation near the critical point

To analyze the effect of including the cubic correction in the drift coefficient
Eq. (6.9), we evaluate the particular case of Eq. (6.3):

〈mn〉 =
∑
k≥0

[(−ωm0 − κm3
0)∂m0 + ε∂m0m0 ]k

mn
0 t

k

k!
. (A.1)

In the limit |λN | � 1, we can neglect the diffusive term to leading order and
compute:

〈m〉 ≈
∑
k≥0

[(−ωm0 − κm3
0)∂m0 ]k

m0 t
k

k!
.

Iterating the operator k times and identifying the general form of the coeffi-
cients of tk, with the aid of symbolic computation software, we obtain:

〈m〉 ≈ m0

∑
k,j≥0

(−ωt)k
k!

( 2j
j

)(
−m

2
0κ

4ω

)j j∑
i=0

( j
i

)
(−1)i(2i+ 1)k

= m0e
−ωt

∑
j≥0

( 2j
j

)(
−m

2
0κ

4ω
(1− e−2ωt)

)j
=

m0e
−ωt√

1 +m2
0κ(1− e−2ωt)/ω

, (A.2)

which coincides with the exact deterministic solution (6.17).
Fluctuations can be neglected as long as κ, ω ∼ O(ε0). However, while 3κ

remains of order one (except at extreme temperatures), typically ω ∼ λ + ε � 1.
We can then include a finite-size correction, keeping only terms of order ε and ω
in each coefficient of tk in Eq. (A.1). This procedure yields the correction:

C1(ε) = −εκm0t
2
∑
k≥0

(
2k
k

)
(2k2 + 6k + 3)(−z/2)k

= −εκm0t
2 3 + 4z + 2z2

(1 + 2z)5/2
,

122



APPENDIX A. SUPPLEMENTARY CALCULATIONS FOR STD

where z ≡ κm2
0t. The result is:

〈m〉 =
m0(1− ωt)
(1 + 2z)1/2

+
m0ωt z

(1 + 2z)3/2
(A.3)

−εκm0t
2 3 + 4z + 2z2

(1 + 2z)5/2
+O(ε2, εω, ω2) .

Note that the first two terms on the right-hand side come from the expansion of
the deterministic equation Eq. (A.2) to first order in ω.

In particular, exactly at the critical point we have κ = 1/3 and λ = 0 (hence
ω = ε). Thus, as in the Ornstein–Uhlenbeck approximation, we conclude that the
magnetization remains m ' m0 up to a characteristic time τ0 ∼ 1/ε = N .

Similarly, for 〈m2〉we obtain the correction:

C2(ε) = εt
∑
k≥0

(k + 1)(k + 2)(−2z)k =
2εt

(1 + 2z)3
,

which leads to:

〈m2〉 =
m2

0

(1 + 2z)
− 2ωz(1 + z)

κ(1 + 2z)2
+

2εt

(1 + 2z)3
+O(ε2, εω, ω2) . (A.4)

Since in the deterministic limit 〈mn〉 = 〈m〉n, the first two terms on the right-hand
side come from the expansion to first order in ω of the square of Eq. (A.2).

In computing the centered second moment using Eqs. (A.3) and (A.4), the
purely deterministic terms cancel to give Eq. (6.20).

A.2 Moment calculations near the spinodal

Setting ε = 0, from Eq. (6.3) with D1 = −A(x2 + 2Aαx− α), α = ∆h/(βJ A), and
A ≡ βJ mSP , the mean magnetization is:

〈∆m〉 =
∑
k≥0

[−(x2 + 2Aαx− α) ∂x]kx (At)k/k! , (A.5)

where x ≡ m0 −mSP .
Completing the square and making the change of variables u = (x + Aα)/

√
γ

with γ = α+A2α2 we obtain:

〈∆m〉 =
√
γ
∑
k≥0

[(1− u2) ∂u]ku (
√
γAt)k/k!−Aα . (A.6)
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Using the generating function for the tangent with the substitution u = tanh z
we have [128, 129]:∑

n≥0
[(1− u2)∂u]n u τn/n! =

∑
n≥0

[∂z]
n tanh z τn/n!

= (u+ tanh τ)/(1 + u tanh τ) ,

from which Eqs. (6.23)–(6.24) follow.
To include finite-size effects, we must consider the full expression:

〈∆m〉 =
∑
k≥0

[D1∂x +D2∂xx]k
x tk

k!
. (A.7)

When ∆h = 0, from Eq. (6.21), we have D2(x) ' ε(ax2 + bx + c), with a =
βJ − 2, b = −2mSP , c = 1/βJ , and D1 = −Ax2. The order-ε contributions
associated with each coefficient in the quadratic approximation of D2(x) are:

C1a = − εa
3A

∑
k≥2

(k2 − 1)(−y)k = −εay
2(3 + y)

3A(1 + y)3
,

C1b =
εbt

12

∑
k≥2

(k + 1)(3k − 2)(−y)k−1 = −εbty(6 + 4y + y2)

6(1 + y)3
,

C1c = −εcAt2
(

1+
1

10

∑
k≥2

(k+2)(2k+1)(−y)k−1
)

= −εcAt
2(10 + 10y + 5y2 + y3)

10(1 + y)3
,

where y ≡ Axt.
Adding the order-ε corrections C1a+C1b+C1c together with the deterministic

term given by Eq. (6.25), we obtain:

〈∆m〉 =
x

1 + y
−
( c

10Ax2
(10 + 10y + 5y2 + y3)+

+
b

6Ax
(6 + 4y + y2) +

a

3A
(3 + y)

)
ε y2

(1 + y)3
. (A.8)

Similarly we compute:

〈(∆m)2〉 =
∑
k≥0

[D1∂x +D2∂xx]k
x2 tk

k!
. (A.9)

In this case the order-ε contributions are:

C2a = −2ax

A

∑
k≥1

(
k + 2

3

)
(−y)k =

2axy

A(1 + y)4
,
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C2b = − b

12A

∑
k≥1

(k + 1)(k + 2)(3k + 1)(−y)k =
by(12 + 6y + 4y2 + y3)

6A(1 + y)4
,

C2c = ct

(
2+

1

10

∑
k≥2

(k+1)(k+2)(2k+1)(−y)k−1
)

=
ct(10 + 10y + 10y2 + 5y3 + y4)

5(1 + y)4
.

Adding the corrections C2a + C2b + C2c together with the deterministic term
(the square of Eq. (6.25)), we arrive at:

〈(∆m)2〉 =
x2

(1 + y)2
+
( c

5x
(10 + 10y + 10y2 + 5y3 + y4)+

+
b

6
(12 + 6y + 4y2 + y3) + 2ax

)
ε y

A(1 + y)4
. (A.10)

Finally, the centered second moment is obtained as ∆m(2) = 〈(∆m)2〉−(〈∆m〉)2.
The purely deterministic terms cancel and, to first order in ε:

∆m(2) =
ε y

30Ax(1 + y)4

(
20ax2(3 + 3y + y2) +

+15bx(2 + y)(2 + 2y + y2) +

+12c(5 + 10y + 10y2 + 5y3 + y4)

)
+O(ε2) . (A.11)
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B.1. MOTIVATION

This appendix describes the Continuous-Time Monte Carlo algorithm and its
implementation for the q-state Potts model. This implementation was used to
obtain the majority of the results published in [4] that are presented in Chapter 8.

B.1 Motivation

In the out-of-equilibrium relaxation measurements presented in Chapter 8, we
analyze the evolution under model-A dynamics (non-conserved order parame-
ter) of the system described by Hamiltonian (3.12), after a quench from infinite
temperature (i.e., a completely random initial configuration) to temperatures be-
low the critical temperature.

We are primarily interested in the late stages of the dynamics, when relatively
large domains have already formed. In this regime, the computational cost of a
single spin flip dynamics1 becomes very high. This is because the flip probabil-
ity of spins inside a domain (which constitute the majority) becomes very small,
especially at low temperatures. The spins with the highest flip probabilities are
those at domain interfaces or boundaries, where the relaxation dynamics mainly
takes place. But boundary spins are far fewer in number than bulk spins (the for-
mer scale as L, the latter as L2). Consequently, in practice, most of the simulation
time is “wasted” attempting to flip spins that will almost certainly remain in their
current state.

B.2 The n-fold way technique

An efficient way to avoid this problem — and thereby reach long time scales for
reasonably large system sizes — is the use of the Continuous-Time Monte Carlo
method, originally called “the n-fold way” by Bortz, Kalos, and Lebowitz [120].

This method is based on the fact that, at any given time, there is a small num-
ber n of spin “classes,” distinguished according to their flip probability. For ex-
ample, in the Ising model on the square lattice with periodic boundary conditions
and nearest-neighbor interactions, there are only 10 spin classes2, enumerated in
Table B.1:

The standard single-spin-flip algorithm selects one site from the entire lattice
with equal probability, determines which class the spin at that site belongs to (by
checking its state and the instantaneous states of its neighbors), and then decides

1i.e., dynamics in which one spin is updated per iteration, for example, the standard Metropolis
algorithm.

2In the presence of a magnetic field that breaks the symmetry, there are even fewer.
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TABLE B.1: Spin classification in the 10-fold way. Table adapted from [120].

Class Spin # of UP neighbors
1 UP 4
2 UP 3
3 UP 2
4 UP 1
5 UP 0
6 DOWN 4
7 DOWN 3
8 DOWN 2
9 DOWN 1

10 DOWN 0

whether or not to flip it, computing a flip probability P 3 directly related to the
class of the spin in question, and comparing it with a random number r ∈ (0, 1).

The n-fold way, by contrast, selects sites with a weighted probability, such
that the probability of choosing a given spin is proportional to its flip probability.
Once a spin is selected, the flip is carried out immediately, without any random
acceptance test.

The standard algorithm comes with an associated time unit called the Monte
Carlo step (MCS), typically defined as N flip attempts, where N is the total num-
ber of spins. But N iterations of the n-fold way are not equivalent to N iterations
of the standard algorithm and therefore do not constitute one MCS. It is necessary
to recalculate the time increment associated with each flip.

In the n-fold way, a flip invariably occurs at each iteration, and the time that
the occurrence of that event would have taken in a standard Monte Carlo al-
gorithm is computed from the total flip probability associated with the instan-
taneous configuration. This computation is performed after each flip, and its
result is added to the time variable. These time increments are in general frac-
tional (real-valued), so the time variable must also be a real number — hence
the name Continuous-Time Monte Carlo (CTMC), in contrast to the standard algo-
rithm whose time variable is discrete.

3Note that the possible values of P can be known a priori, since they depend on the state of
the site (before and after the potential flip) and those of its neighbors; in practice a precomputed
lookup table of P values as a function of the energy change is typically used.
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B.3 CTMC implementation for the q-state Potts model

We briefly describe the implementation of the Continuous-Time Monte Carlo
(CTMC) algorithm for the q-state Potts model on the two-dimensional square
lattice with nearest-neighbor interactions.

For a given spin configuration, we define “potential spins” as the q−1 possible
spin states for each lattice site, i.e., the N × (q − 1) possible different values not
currently occupied at the N sites of that configuration.

All potential spins in the system are classified into lists, such that all members
of the same list would produce the same change in the system’s energy if chosen
to replace the current spin at their site.

Upon flipping (changing) a spin in our model, there are only 9 possible energy
changes (∆E/J = −4,−3,−2,−1, 0, 1, 2, 3, 4). This is independent of the value
of q — they are simply the 9 possible differences between two quantities that are
each the sum of four Kronecker deltas.

In the Metropolis algorithm, the probability that a potential spin of class l
(l = 1, . . . , 9) is actually chosen to occupy its site is:

pl =
nl

N(q − 1)
min

[
1, exp

(
−∆El
kBT

)]
(B.1)

where nl is the number of potential spins in class l. The total probability that any
flip occurs at a given step is:

Q =
∑
l

pl (B.2)

The algorithm then proceeds as follows: at each step, a list is chosen with
probability (B.1), and from it a potential spin is chosen uniformly at random. The
state of the corresponding site is updated by replacing the current spin with the
chosen potential spin. The old spin now becomes a potential spin, and the chosen
spin ceases to be one. The flip also affects the class membership of potential spins
at neighboring sites, so those lists are updated as well. After updating the site
state and the lists, the time is incremented by:

∆t =
− ln r

NQ
(B.3)

where r is a uniformly distributed random number in (0, 1) and the time step ∆t
is measured in MCS.
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B.3.1 Justification of the time increment

Suppose our lattice is immersed in a heat bath at fixed temperature T . The ther-
mal bath generates flip attempts randomly in space and time, such that on av-
erage there is one attempt per site per time τ0. We expect τ0 to depend on the
bath temperature and the nature of the system, but not (or only very weakly) on
the state of the system. The probability of flipping one spin in a given random
attempt is Q. Hence, the probability that some flip occurs in the system during
the infinitesimal time interval dt is:

p dt = (QN/τ0) dt (B.4)

We now compute the distribution of time intervals between flips. Let P (∆t)
be the probability that no new flips occur until time ∆t has elapsed since the pre-
vious flip. The probability that no new flips occur until ∆t+ dt must be less than
P (∆t) by the probability that no flip occurs before ∆t but one occurs between ∆t
and ∆t+ dt, which is P (∆t) p dt. Hence:

P (∆t+ dt) = P (∆t)− P (∆t)(QN/τ0)dt. (B.5)

Rewriting (B.5) as a differential equation:

P ′(∆t) = −(QN/τ0)P (∆t), (B.6)

whose solution with boundary condition P (0) = 1 is:

P (∆t) = exp(−QN∆t/τ0). (B.7)

We now sample the stochastic time interval between flips: draw a random
number r uniformly distributed in (0, 1), set P (∆t) = r, and solve for ∆t:

∆t = −(τ0/QN) ln r. (B.8)

Since τ0 is assumed independent of the system state, the accumulated time t
is approximately proportional to real time. τ0 is merely a time scale (also present
in the standard Monte Carlo algorithm), which we set to 1 for numerical simula-
tions. With τ0 = 1 we recover Eq. (B.3).

B.4 Validation and performance

Although the Continuous-Time Monte Carlo technique has been widely used in
various models (see e.g. [130]), its implementation for the Potts model required
development of an original code, as it is not readily available in the literature.
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FIGURE B.1: Validation of the Continuous-Time Monte Carlo algorithm: relaxation
curves of the energy per spin, for q = 9, L = 300, and several temperatures between
T = 0.65 and T = 0.1 (top to bottom). Solid red curves correspond to the standard
algorithm; dashed black curves correspond to the CTMC algorithm.

As a validation test, we compared simulations using the CTMC algorithm
against the standard Metropolis algorithm. Figure B.1 shows energy vs. time
curves for relaxation after a quench from infinite temperature to various temper-
atures T , for q = 9 and L = 300, obtained with both algorithms. We observe
that both algorithms produce identical results at every temperature. We also per-
formed non-equilibrium measurements up to 107 MCS and equilibrium measure-
ments with both codes, and the results were identical.

Regarding performance: the speed advantage of the CTMC depends strongly
on temperature. As noted, the technique is designed for when large ordered
domains have formed. For sufficiently high temperatures, where fluctuations are
large and domains form and dissolve rapidly, the technique becomes inefficient:
the assumption that most spins have low flip probability no longer holds, and the
list management overhead of the CTMC exceeds the per-step cost of the standard
algorithm.

Figure B.2 compares execution times for a benchmark case: relaxation of sys-
tems with q = 9 and sizes L = 150 and L = 300 over 50000 MCS, at various
subcritical temperatures (Tt(q = 9) = 0.721347). Both algorithms used the same
compiler (ifort) with the same compilation options, and timing was measured
with the same Fortran internal routine. We observe a speedup of 15×–20× at
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FIGURE B.2: Execution time for a benchmark case (see text) for the standard and
continuous-time algorithms as a function of (fixed) simulation temperature, on a log–log
scale. Temperatures range from T = 0.1 to T = 0.72 (right to left). At low tempera-
tures the CTMC is more efficient; near the transition temperature the standard algorithm
becomes more efficient.

low temperatures depending on system size — in practice, reducing a simula-
tion that would take a month to less than two days. Moreover, this speedup is
much larger (even orders of magnitude larger) for benchmarks involving several
hundred million MCS. For instance, in cases where the system becomes trapped
in a blocked state at low temperatures and we need to simulate very long time
scales (> 1010 MCS) to observe relaxation to equilibrium, standard MC simula-
tion times become prohibitive in practice, while the CTMC algorithm delivers
results in a reasonable time.

This implementation allowed us to perform simulations at time scales be-
tween 109 MCS (for sizes up to L = 500) and 1014 MCS (for sizes up to L = 100),
with good sampling statistics — timescales not previously reached in spin lat-
tice simulations to our knowledge. In individual runs we exceeded 1015 MCS on
desktop computers.
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C.1. WHAT IS GPGPU? WHAT IS CUDA?

In this appendix we present a CUDA implementation for GPGPU computing
of Monte Carlo simulations of the two-dimensional ferromagnetic q-state Potts
model.

The tremendous progress enabled by numerical simulations in recent decades
has elevated these techniques to the status of indispensable tools in modern
Statistical Mechanics research. Nevertheless, many theoretical problems in the
field remain challenging due to limitations in available computational resources.
Among many others, topics that resist numerical treatment include systems with
slow dynamics and/or strong finite-size effects, requiring fast simulations to
reach different timescales and/or a large number of particles. Typical examples
are spin glass transitions [131], glassy behavior [81,132], and domain growth [133].
In these types of problems, the state of the art is usually set by new numerical ap-
proaches or extensive simulations. In this sense, the advent of massive parallel
computing capabilities continually opens new possibilities, while simultaneously
creating a demand for new algorithms optimized for each architecture or paral-
lelism platform.

In particular, the use of GPUs as parallel processing devices emerges as a
powerful tool for numerical simulations in Statistical Mechanics systems [134–
137], as well as in other areas of physics [138–140]. The model employed for this
technology is based on the combined use of a CPU and a GPU in a heteroge-
neous coprocessing system. The sequential part of the program runs on the CPU,
and the computationally heavy parts are accelerated on the GPU, which acts as a
massively parallel processing peripheral. From the user’s perspective, the appli-
cation simply runs faster because it exploits the GPU’s large capacity to multiply
throughput.

This appendix is based on a work in collaboration with Mr. Juan Pablo De
Francesco and Lic. Nicolás Wolovick of FaMAF [Ferrero et al., submitted to Comp. Phys. Com-
mun. (2011)]. The code development and the results presented here are of shared
authorship.

C.1 What is GPGPU? What is CUDA?

Originally designed and developed for the video game industry, graphics cards
(commonly called GPUs, for Graphics Processing Units) currently possess com-
puting power that substantially exceeds that of a CPU (Central Processing Unit).
This capability results from the relative simplicity of a GPU’s architecture com-
pared to a CPU, combined with a large number of parallel processing units (cores)
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on a single chip.
In 2006, NVIDIA, one of the leading GPU manufacturers, decided to adopt a

new design path and launched the G80 graphics processing unit, moving away
from the conventional rendering paradigm and transforming the GPU into a
practically general-purpose computing unit. In 2007 NVIDIA launched the CUDA
SDK, a software development kit designed for programming their G80 using the
C language with some extensions. CUDA stands for Compute Unified Device
Architecture, but the name CUDA is also used for the programming model asso-
ciated with this architecture. The G80 hardware and the CUDA compiler quickly
demonstrated a good ratio of GFLOPS per watt and GFLOPS per dollar for nu-
merical algorithms. The architecture evolved in two generations: GT200 in 2008–
2009, and GF100 in 2010 (also known as the Fermi architecture).

C.2 Device architecture and GPGPU programming overview

All NVIDIA GPU architectures share the same SIMT (Single Instruction, Multi-
ple Thread) concurrency paradigm in order to exploit high parallelism (up to 512
computing cores) and large memory bandwidth (up to 177 GBps). The SIMT
model is a convenient abstraction that sits between the traditional SIMD (Single
Instruction, Multiple Data) and MIMD (Multiple Instruction, Multiple Data) paradigms.

Using the SIMT paradigm, parallel algorithm development changes appre-
ciably, since it is possible to code for millions of threads in parallel. The overhead
of creating, switching, and destroying threads is so low that multiplying a ma-
trix by a scalar reduces to launching one kernel per matrix element — even for
a 32768 × 32768 matrix (on the order of 1 GThread). In fact, launching as many
threads as possible is advantageous since high global-memory latency (around
200 cycles) is hidden by swapping warps1 that are waiting for memory responses.

The role of blocks in the SIMT model is important. Threads are divided into
blocks, where each block of threads has two special characteristics: a private
shared memory between its threads, and the ability to synchronize thread execu-
tion via barriers. Internally, cores in a GPU chip are organized in multiprocessors
called SMs (Streaming Multiprocessors), and each block is assigned to a specific SM
for execution. Shared memory can thus be used as a manually managed cache,
which in many cases improves performance appreciably.

We used the GTX 280, GTX 470, and GTX 480 platforms. Table C.1 shows
the relevant hardware parameters. The improvements of the Fermi architecture
rely on new computing capabilities provided by an improved ISA (Instruction Set

1vectors of 32 threads executed synchronously
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TABLE C.1: Main specifications of NVIDIA GTX 280, GTX 470, and GTX 480 boards

Board Model GTX 280 GTX 470 GTX 480
Available Q2 2008 Q1 2010
GPU GT200 GF100
CUDA capability 1.3 2.0
CUDA cores 240 448 480
Processor Clock 1.30GHz 1.22GHz 1.40GHz
Global Memory 1GB 1.25GB 1.50GB
Memory Bandwidth 141.7GBps 133.9GBps 177.4GBps
L1 Cache N/A 16KB/48KB
L2 Cache N/A 768KB
Max # of Threads per Block 512 1024
Shared Memory per Block 16KB 48KB/16KB
Max # of Registers per Block 16384 32768

Architecture), doubled core count, inclusion of L1 and L2 caches, and increased
parallelism and shared memory per block.

As with any modern computing architecture, the “memory wall” effect must
be mitigated using a memory hierarchy (faster, more expensive and smaller at the
top). The first level is global memory, accessible by all cores, with 1GB to 1.5GB
capacity and a latency of around 200 cycles. The next level is shared memory,
16KB per block, with a latency of only 2 cycles. At the top there are 16384 reg-
isters per block. There are also fast memories for constant and texture registers
with special addressing capabilities.

The programming interface for this architecture is “C for CUDA”, an exten-
sion of the C programming language [141] that allows the CPU host to launch
kernels on the GPU device [142]. A kernel is a typically small piece of code
compiled by nvcc, NVIDIA’s CUDA compiler, to the PTX assembler that the
architecture can execute. The kernel is executed simultaneously by many threads
organized logically in a 2D (grid, block) coordinate system. Thread position in-
formation is stored in special variables, the block and thread identifiers (bid, tid).
Based on thread coordinates, the kernel obtains the memory locations of the data
to operate on. At this abstraction level there is no need to worry about the num-
ber of GPU cores — all threads in a kernel call proceed in parallel for all practical
purposes.

In addition to CUDA, a compiler for CUDA Fortran is commercially available,
and wrappers exist for using the CUDA architecture from Python, Perl, Java,
MATLAB, IDL, Mathematica, etc. Since 2008, a consortium led by Apple (The
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Khronos Group) has been developing OpenCL, a programming environment for
heterogeneous platforms comprising CPUs, GPUs, and other processors, which
has been adopted by AMD/ATI for general-purpose GPU computing.

C.3 Optimized GPU-based Monte Carlo algorithm for the
q-state Potts model

We developed a GPGPU-based code to simulate the statistical mechanics of the
2D Potts model (with Hamiltonian 3.12) using classical Metropolis dynamics on
an N = L× L square lattice with periodic boundary conditions.

For spin updates we partition the lattice into two subsets (black and white
sites), treating it as a large checkerboard. Since interactions are restricted to near-
est neighbors, all sites of the same color can be updated fully asynchronously2

This technique is also known as the Red-Black Gauss-Seidel scheme [143].
The algorithm allowed us to analyze equilibrium states of systems of up to

N = 32768× 32768 (215 × 215 ≈ 1.073× 109 spins).
The typical simulation protocol is: starting from an ordered initial state (si = 1

for all i), fix the temperature at T = Tmin (typically Tmin < Tt) and run for
ttran steps to equilibrate, then run for tmax steps taking a measurement every δt
steps. The last configuration is used as the initial state for the next temperature
T = Tmin + ∆T . This process is repeated up to Tmax. The entire loop is repeated
for many samples to average over different thermal noise realizations. Equilib-
rium measurements starting from a completely random state and sweeping from
Tmax to Tmin are also performed.

Our code is divided into two main functions: spin update and computation
of physical quantities. The update function is implemented in the host code
update, which calls the device kernel updateCUDA twice (once for white cells,
once for black cells). The computation of energy and magnetization is carried
out by calculate, which calls the calculateCUDA kernel and two auxiliary
kernels: sumupECUDA and sumupMCUDA.

C.3.1 Random Number Generator

The simulation requires a large number of random numbers: each cell being up-
dated needs one random integer in {0, . . . , q − 1} and possibly a second in [0, 1)
for the Metropolis acceptance step. A key performance factor is therefore a good
parallel random number generator.

2i.e., all simultaneously without violating causality.
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The ideal design is an independent generator per thread. Given the strong
time and memory constraints, we concluded that the Multiply-With-Carry (MWC)
generator [144] is ideal for our application: it is fast and uses very few variables
per thread. The generator state is only 64 bits, and obtaining a new pseudo-
random number amounts to computing xn+1 = (xn × a + cn) mod b, where a is
the multiplier, b the base, and cn the carry from the previous modulo operation.
We adopted the CUDAMCML [145] implementation, which fixes b = 232 to use
bit masks for the modulo operation.

To obtain independent sequences, the MWC uses different multipliers that
are “good” in the sense that a × b − 1 must be a safe prime. With b = 232 fixed,
finding safe primes reduces to testing primality of goodmult(a) ≡ prime(a×232−
1) ∧ prime((a × 232 − 2)/2). The larger a is (closer to 232), the longer the MWC
period (near 264 for a near the maximum), so good multipliers should be sought
from 232 − 1 downward.

We limit the number of independent RNGs to 5122/2 = 131072, below the
150000 good multipliers provided by CUDAMCML in safe primes base32.txt.
The global generator state uses 12 bytes per independent RNG, totaling 1.5MB
of global memory (less than 0.15% of the GTX 280’s available total). This is a
good balance between independence in random number generation and mem-
ory consumption. This design decision is crucial for parallelizing the spin update
function: we subdivide the lattice into 512 × 512 frames to give each thread an
independent RNG. As the lattice grows larger, each thread performs more work.
We are well below the RNG cycle even for the longest simulations.

C.3.2 Spin update

In addition to the black-and-white partition, we tile the lattice into 512 × 512
frames (Fig. C.1, left), due to the limited number of independent RNGs available.
A second step compresses the mapping of the four-point stencil (corresponding
to a site’s four neighbors) to save memory transfers. The row-column pair (i, j)
is mapped to (((i + j)mod 2 × L + i)/2, j). This packs all white and black cells
into contiguous memory locations, improving locality and allowing wide reads
of 3 consecutive bytes (Fig. C.1, right).

Each spin is encoded in one byte, allowing simulations with q ≤ 256 and
L2 ≤ available RAM. The largest simulations (in terms of memory) we per-
formed were with L = 32768, q = 45 on the GTX 480; L = 16384 on the GTX
280; and L = 32768 on the GTX 470.

We do not use shared memory, as its use did not improve performance while
reducing code readability. Texture memory was not used for the same reason.
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FIGURE C.1: Left: an 8×8 checkerboard tiled into 4×4 frames (marked in red). The cells
updated by thread t0 are indicated, along with the north, east, south, and west neighbors
of cell •. Right: the remapped and packed checkerboard, showing where cells n, e, s, w
ended up in the first half (white cells) and cell • in the second half (black cells).

C.3.3 Computation of energy, magnetization, and associated moments

During the system’s evolution, two quantities are extracted periodically at spec-
ified times: the energy (Eq. 3.12) and the magnetization (Eq. 3.14). From these,
the following quantities are accumulated in auxiliary variables: energy per spin
e = H/N , e2, e4, magnetization m, m2, and m4, which are then averaged over
time and over different samples (thermal noise realizations).

The calculateCUDA kernel computes e and m at a given instant. It parti-
tions the cells into CUDA blocks, within each of which barrier synchronization
and shared memory are easily accessible. Each block sums the energies of its
cells and accumulates, in each entry i of a length-q vector, the number of spins in
those cells in state i. This is done using atomic increments (atomic adds) to avoid
race conditions. The block results are reduced in parallel using a butterfly algo-
rithm [142] via the sumupECUDA and sumupMCUDA kernels, which leave partial
energy sums and partial spin-count vectors (of order thousands of entries) to be
completed on the CPU. The quantities e, e2, e4, m, m2, and m4 are accumulated
on the CPU after each measurement.

Note that GPU memory consumption in this part of the code grows linearly
not only with N but also with q.

C.4 Algorithm validation

To validate our CUDA code, we ran several typical simulations to measure well-
known results.
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TABLE C.2: Comparison between calculated and exact values of eo, ed, and ∆m at the
transition temperature for various q. Results are from curves averaged over 10 samples
of linear size L = 2048, with equilibration and measurement times both above 5 × 105

MCS.

q −eo −ed ∆m
exact calculated exact calculated exact calculated

6 1.508980... 1.51(2) 1.307516... 1.306(1) 0.677083... 0.674(2)
9 1.633167... 1.6332(5) 1.033499... 1.0334(5) 0.834019... 0.8338(4)

15 1.765905... 1.7659(2) 0.750492... 0.7509(4) 0.916693... 0.9167(3)
96 1.960306... 1.96030(3) 0.243817... 0.24382(4) 0.989247... 0.98924(2)

First, we computed the energy per spin and magnetization above and be-
low the transition, cooling (heating) from a disordered (ordered) initial state. Ta-
ble C.2 compares computed values with exact results (3.17), (3.18), and (3.20) at
the exact transition temperature for each q. The agreement is excellent (note that
these are direct readings from the curves in Fig. 7.16 at Tt(q), not finite-size ex-
trapolations).

We also computed the fourth-order energy cumulant [146, 147]:

VL = 1− 〈H4〉
3〈H2〉2 (C.1)

as a function of temperature for q = 6 and different system sizes. As well
known, VL is nearly constant far from the transition and exhibits a minimum
at the pseudo-critical temperature:

T ∗c (L) = Tc +
T 2
c ln(qe2o/e

2
d)

ed − eo
1

Ld
(C.2)

where the minimum value, within the double-Gaussian approximation [146,147],
is:

V min
L =

2

3
− 1

3

[
(ed − eo)(ed + eo)

2edeo

]2
+O(L−d) (C.3)

Figure C.2a shows T ∗c (L) vs. 1/L2 for q = 6. The extrapolated value T ∗c (L →
∞) = 0.8078 ± 0.0002 agrees with the exact value Tc = 0.8076068 . . . to within
0.025%. The extrapolated minimum value V min

L (L → ∞) ≈ 0.658± 0.001 agrees
with the double-Gaussian prediction V min

L ≈ 0.659774 . . ..
Obtaining reliable cumulant measurements with single-spin-flip MC algo-

rithms is difficult, since the system must be allowed to jump back and forth
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FIGURE C.2: Finite-size scaling of the fourth-order cumulant for q = 6. Bottom panel: VL
as a function of temperature for different system sizes (averages over 300–400 samples
for the smallest sizes, 50 and 20 for L = 128 and L = 256). Orange lines indicate the
analytically predicted minimum location in the thermodynamic limit. (a) Pseudo-critical
temperature T ∗

c vs. 1/L2. (b) V minL vs. 1/L2. Solid lines: linear extrapolations to 1/L→ 0.
Analytic results for Tc and Vmin shown in orange.
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across the energetic barrier between the two phases multiple times. For q = 6
and L = 256, simulation times of order 108 MCS per temperature are needed.

C.5 Algorithm performance

We profile the code using CUDA profiling tools. A profiling run for q = 9,
N = 2048 × 2048, sweeping T ∈ [0.721200, 0.721347] in steps δT = 10−5 with
ttran = 105 MCS, tmax = 104 MCS, δt = 500 MCS, produced a 2.9 GB log file
in a 12.6-hour computation. The profile confirms that approximately 32 million
calls are made to updateCUDA and only a few thousand to the other three ker-
nels; thus updateCUDA is the sole relevant target for performance optimization.
Memory transfers between host and device are infrequent, which is welcome
given the limited CPU-GPU bandwidth.

For the performance analysis we varied L from 512 to 32768 in powers of two,
measuring the average execution time per spin flip (spin flip time in ns). We com-
pared the three GPU platforms against a sequential CPU version compiled on
an Intel Core 2 Duo (E8400, Q1 2008) using GCC 4.4.5 with aggressive optimiza-
tion flags (-O3 -ffast-math -march=native -funroll-loops). We also
varied q ∈ {6, 8, 9, 12, 15, 24, 48, 96, 192} and found no significant performance
variation with q.

Figure C.3 shows that the CPU version runs at a flat ∼ 22.8 ns, independent
of system size. The GPU versions show variation with L:

• GTX 280: spin flip times [0.48, 0.54] ns — speedup 47× to 42×.

• GTX 470: [0.21, 0.30] ns — speedup 108× to 76×.

• GTX 480: [0.18, 0.24] ns — speedup 126× to 95×.

• GTX 480 (CC 2.0 optimized3): 0.147 ns — speedup 155×.

Even modern CPU architectures such as Nehalem (X5550, Q1 2009) only re-
duce the CPU spin flip time by about 2 ns; the Intel C++ compiler (ICC) offers no
further improvement.

The variation of spin flip time with L for GPU cards arises from two compet-
ing factors in the update kernel loop. One factor decreases with L: since there is
one RNG per thread, global memory is read once at the beginning and written
once at the end, so as L increases this fixed latency is amortized over more sites.

31024 threads per block, L1 cache disabled for marginal performance improvement.
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FIGURE C.3: Spin flip time (ns) as a function of linear lattice size L, for an Intel Core 2
Duo E8400@3.0GHz CPU and NVIDIA GTX 280, GTX 470, and GTX 480 GPUs. Averages
over 400 GPU samples and 60 CPU samples. Error bars are smaller than symbol size.

The other factor increases with L: the inherent loop overhead (comparisons and
branches), which for L = 32768 loops up to 4096 times.

Testing 256× 256 and 1024× 1024 frames instead of 512× 512, we find a 25%
performance penalty and a 2% gain, respectively. This confirms that the 512×512
frame size is a good compromise between RNG memory consumption and code
speed.

A complete end-to-end benchmark with q = 9, L = 1024, 3 samples, T ∈
[0.71, 0.73], δT = 0.002, ttran = 2000, tmax = 8000, δt = 50 gives 193 s on the GTX
280 versus 8115 s on the Intel Core 2, a global speedup of 42×— consistent with
the kernel-level measurement.

To our knowledge, this is the first GPU implementation of the q-state Potts
model, so no direct performance comparison is possible. For context: Preis et al. [134,
135] achieved 0.12 ns/flip for the 2D/3D Ising model using multi-spin coding on
a GT200; Weigel [148] reached 0.034 ns/flip using a multi-hit technique (k = 100
re-updates per cell); Belletti et al. [136] simulated a Heisenberg spin glass with
floating-point spins at 0.67 ns/flip on GF100; a GPU parallelization of the Cellular
Potts Model achieved∼ 80× speedup [149]. More recently, Weigel [150] reported
0.18 ns/flip for the 2D Heisenberg model (1029× speedup) and 2.3 ps/flip for an
Edwards-Anderson spin glass with multi-spin updates (80× speedup), both on
GF200 architecture.
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C.6 Appendix summary

We implemented a CUDA-based Monte Carlo algorithm running in parallel on
GPUs to simulate the statistical mechanics of the q-state Potts model.

The code achieves speedups (compared to an optimized serial CPU imple-
mentation) of 42× on the GTX 280 up to 155× on the GTX 480, with average spin
flip times of 0.54 ns and 0.147 ns respectively. These times are of the same order as
recent implementations for the simpler Ising model, obtained without resorting
to sophisticated techniques such as multi-spin coding.

Beyond raw speedup, the algorithm can simulate very large systems in short
times: for example, ∼ 109 spins with an average time per MCS of 0.15 s. This
performance is practically independent of q. The keys to reaching these times
are: an independent RNG per thread that is fast and uses few registers; a frame
scheme that increases the computation performed per thread while bounding
the number of independent RNGs needed; and cell packing mappings that order
memory accesses.

The availability of high-speed simulations for sufficiently large system sizes
allowed us to study the problem of metastability in the Potts model based on
Binder’s criterion, as presented in Chapter 7.

While this implementation was developed for a two-dimensional model with
nearest-neighbor interactions and a checkerboard update scheme, generalization
to three-dimensional and/or longer-range interaction systems is straightforward
by adjusting some aspects. For 3D, the checkerboard scheme defining two in-
dependent sublattices persists, but the cell packing scheme must be rewritten.
For 2D with first- and second-neighbor interactions, nine independent sublattices
arise instead of two. Both generalizations can be combined directly.

As noted in Chapter 3, beyond its theoretical interest the q-state Potts model
is widely used to simulate the dynamics of a variety of systems (see Section 3.2).
The present GPU implementation, or simple modifications of it, may prove useful
for some of these applications. Moreover, the ability to simulate larger sizes and
obtain results faster can be welcome in the statistical physics community.

We adhere to the practice of publishing code [151], following the approach
of [134, 135, 152], believing that it will benefit from community debugging and
development and may be useful to others. Our CUDA code is freely available
under the GNU GPL 3.0 license at [153].
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